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ABSTRACT: The Einstein field equations (EFE) or Einstein's equationsare a set of
10 equations in Albert Einstein's general theory of relativity which describe the fundamental
interaction (e&eb) of gravitation as a result of space
time being curved by matter and energy. First published by Einstein in 1915 as a tensor
equation, the EFE equate spacetime curvature (expressed by the Einstein tensor) with (=) the
energy and momentum tensor within that spacetime (expressed by the stress—energy
tensor).Both space time curvature tensor and energy and momentum tensor is classified in to
various groups based on which objects they are attributed to. It is to be noted that the total
amount of energy and mass in the Universe is zero. But as is said in different context, it is like
the Bank Credits and Debits, with the individual debits and Credits being conserved, holistically,
the conservation and preservation of Debits and Credits occur, and manifest in the form of
General Ledger. Transformations of energy also take place individually in the same form and if all
such transformations are classified and written as a Transfer Scroll, it should tally with the total,
universalistic transformation. This is a very important factor to be borne in mind. Like accounts
are classifiable based on rate of interest, balance standing or the age, we can classify the factors
and parameters in the Universe, be it age, interaction ability, mass, energy content. Even virtual
particles could be classified based on the effects it produces. These aspects are of paramount
importance in the study. When we write A+b+5, it means that we are adding A to B or B to A
until we reach 5. Similarly, if we write A-B=0, it means we are taking away B from A and there
may be time lag until we reach zero. There may also be cases in which instantaneous results are
reached, which however do not affect the classification. By means of such a classification we
obtain the values of Einstein Tensor and Momentum Energy Tensor, which are in fact the
solutions to the Einstein’s Field Equation. Terms “e” and “eb” are used for better comprehension
of the lay reader. It has no other attribution or ascription whatsoever in the context of the paper.
For the sake of simplicity, we shall take the equality case of Heisenberg’s Principle Of
Uncertainty for easy consolidation and consubstantiation process. The “greater than”
case can be attended to in a similar manner, with the symbolof”greater than”
incorporated in the paper series.

INTRODUCTION:

Similar to the way that electromagnetic fields are determined (eb)
using charges and currents via Maxwell's equations, the EFE are used to determine
the spacetime geometry resulting from the presence of mass-energy and linear momentum, that
is, they (eb) determine the metric of spacetime for a given arrangement of stress—energy in the
spacetime. The relationship between the metric tensor and the Einstein tensor allows the EFE to
be written as a set of non-linear partial differential equations when used in this way. The
solutions of the EFE are the components of the metric tensor. The inertial trajectories of particles
and radiation (geodesics) in the resulting geometry are then calculated using the geodesic
equation. As well as obeying local energy-momentum conservation, the EFE reduce to Newton's
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law of gravitation where the gravitational field is weak and velocities are much less than
the speed of light. Solution techniques for the EFE include simplifying assumptions such
as symmetry. Special classes of exact solutions are most often studied as they model many
gravitational phenomena, such as rotating black holes and the expanding universe. Further
simplification is achieved in approximating the actual spacetime as flat spacetime with a small
deviation, leading to the linearised EFE. These equations are used to study phenomena such
as gravitational waves.

Mathematical form

The Einstein field equations (EFE) may be written in the form:

1 8T
Ry — Egﬁf“ R+ g = TTHV
where RP-U is the Ricci curvature tensor, T the scalar curvature, Guv the metric tensor, Ais

the cosmological constant, (7 is Newton's gravitational constant, ¢ the speed of light,in vacuum,
and T.W the stress—energy tensor.

The EFE is a tensor equation relating a set of symmetric 4 x 4 tensors. Each tensor has 10
independent components. The four Bianchi identities reduce the number of independent
equations from 10 to 6, leaving the metric with four gauge fixing degrees of freedom, which
correspond to the freedom to choose a coordinate system.

Although the Einstein field equations were initially formulated in the context of a four-
dimensional theory, some theorists have explored their consequences in n dimensions. The
equations in contexts outside of general relativity are still referred to as the Einstein field
equations. The vacuum field equations (obtained when T is identically zero) define Einstein
manifolds. Despite the simple appearance of the equations they are, in fact, quite complicated.
Given a specified distribution of(e&eb) matter and energy in the form of a stress—energy tensor,
the EFE are understood to be equations for the metric tensor 91, as both the Ricci tensor and
scalar curvature depend on the metric in a complicated nonlinear manner. In fact, when fully
written out, the EFE are a system of 10 coupled, nonlinear, hyperbolic-elliptic partial differential

equations.

One can write the EFE in a more compact form by defining the Einstein tensor

1
G = Ry — ERQPW,

Which is a symmetric second-rank tensor that is a function of the metric? The EFE can then be
written as

87l
Gy + g A = TTFV'

Using geometrized units where G = ¢ = 1, this can be rewritten as
Gﬁy —|_ gpy ;'I’?l. — STTTFV "

The expression on the left represents the curvature of spacetime as (eb) determined by the
metric; the expression on the right represents the matter/energy content of spacetime. The EFE
can then be interpreted as a set of equations dictating how matter/energy determines (eb) the
curvature of spacetime.Or, curvature of space and time dictates the diffusion of matter energy.
These equations, together with the geodesic equation, which dictates how freely-falling moves
through space-time matter, form the core of the mathematical formulation of general relativity.
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Sign convention

The above form of the EFE is the standard established by Misner, Thorne, and Wheeler. The
authors analyzed all conventions that exist and classified according to the following three signs
(S1, S2, and S3):

g = [S1] x diag(—1,+1, +1,+1)

R'uﬂ.'j“." = ["92] X (Fﬁw 3 1_“:.3 ¥ + rﬁjl—‘fm o Fﬁ"r Ea)
8
G, = [S3] % ?TTTM,

The third sign above is related to the choice of convention for the Ricci tensor:

R, = [52] x [83] x R 0

With these definitions Misner, Thorne, and Wheeler classify themselves as ("‘ + +), whereas
Weinberg (1972) is (1 — =) Peebles (1980) and Efstathiou (1990) are (— + ) while
Peacock (1994), Rindler (1977), Atwater (1974), Collins Martin & Squires (1989) are (_ + _).

Authors including Einstein have used a different sign in their definition for the Ricci tensor which
results in the sign of the constant on the right side being negative

1 87
Ry — §9ﬁw R—guwh = A

The sign of the (very small) cosmological term would change in both these versions, if the +———
metric sign convention is used rather than the MTW —++4 metric sign convention adopted here.

T

Equivalent formulations

Taking the trace of both sides of the EFE one gets

R-2R+4A = %T
ct

Which simplifies to

“R44r="TCT,

ct
1

— 54
If one adds 2 He times this to the EFE, one gets the following equivalent "trace-reversed"
form

837G i
Row = g =~ (Tw _ §Tgw) |

Reversing the trace again would restore the original EFE. The trace-reversed form may be more
convenient in some cases (for example, when one is interested in weak-field limit and can
replace Gpv in the expression on the right with the Minkowski metric without significant loss of
accuracy).
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The cosmological constant

Einstein modified his original field equations to include a cosmological term proportional to

the metric It is to be noted that even constants like gravitational field, cosmological constant,
depend upon the objects for which they are taken in to consideration and total of these can be
classified based on the parameterization of objects.

1 BrG
Ry — o Jpw R+ guwh = ?TP“ -

The constant /A is the cosmological constant. Since Ais constant, the energy conservation law
is unaffected.

The cosmological constant term was originally introduced by Einstein to allow for a static
universe (i.e., one that is not expanding or contracting). This effort was unsuccessful for two
reasons: the static universe described by this theory was unstable, and observations of distant
galaxies by Hubble a decade later confirmed that our universe is, in fact, not static

but expanding. So A was abandoned, with Einstein calling it the "biggest blunder [he] ever
made". For many years the cosmological constant was almost universally considered to be
0.Despite Einstein's misguided motivation for introducing the cosmological constant term, there is
nothing inconsistent with the presence of such a term in the equations. Indeed, recent
improved astronomical techniques have found that a positive value of A is needed to explain
the accelerating universe Einstein thought of the cosmological constant as an independent
parameter, but its term in the field equation can also be moved algebraically to the other side,
written as part of the stress—energy tensor:

e — _ A
e 8w G
The resulting vacuum energy is constant and given by
AP
Poc = 8rG

The existence of a cosmological constant is thus equivalent to the existence of a non-zero
vacuum energy. The terms are now used interchangeably in general relativity.

Conservation of energy and momentum

General relativity is consistent with the local conservation of energy and momentum expressed
as

vb] =1 b = 0
Derivation of local energy-momentum conservation

Which expresses the local conservation of stress—energy This conservation law is a physical
requirement? With his field equations Einstein ensured that general relativity is consistent with
this conservation condition.

Nonlinearity

The nonlinearity of the EFE distinguishes general relativity from many other fundamental physical
theories. For example, Maxwell's equations of electromagnetism are linear in

theelectric and magnetic fields, and charge and current distributions (i.e. the sum of two
solutions is also a solution); another example is Schrédinger's equation of quantum mechanics
which is linear in the wavefunction.
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The correspondence principle

The EFE reduce to Newton's law of gravity by using both the weak-field approximation and
the slow-motion approximation. In fact, the constant G appearing in the EFE is determined by
making these two approximations.

Vacuum field equation

T,

If the energy-momentum tensor * £ is zero in the region under consideration, then the field

equations are also referred to as the vacuum field equations. By setting TP‘-V =0 in the trace -
reversed field equations, the vacuum equations can be written as

R,, =0.
In the case of nonzero cosmological constant, the equations are
R, =Agu .

The solutions to the vacuum field equations are called vacuum solutions. Flat Minkowski space is
the simplest example of a vacuum solution. Nontrivial examples include the Schwarzschild
solution and the Kerr solution.

Manifolds with a vanishing Ricci tensor, £¥... = O, are referred to as Ricci-flat manifolds and
manifolds with a Ricci tensor proportional to the metric as Einstein manifolds.

Einstein—Maxwell equations

T

If the energy-momentum tensor * ¥ s that of an electromagnetic field in free space, i.e. if
the electromagnetic stress—energy tensor

1 ] 1
Tcz_.'ﬂ . = o1l i -
Ho (F E" 49

is used, then the Einstein field equations are called the Einstein—Maxwell
equations (with cosmological constant A, taken to be zero in conventional relativity theory):

5 Loas ase  STG (ours 1 oo ,.
R — 5Rg™ + g*'A = C%D (F“‘“’Ff + 9% Fur T) -

Additionally, the covariant Maxwell Equations are also applicable in free space:

FQI._']_& — []

El

o F Fm FWT)

Flagn) = 3 (Fagy + Faya + Fhays) = 0.

3
Where the semicolon represents a covariant derivative, and the brackets denote anti-
summarization. The first equation asserts that the 4-divergence of the two-form F is zero, and
the second that its exterior derivative is zero. From the latter, it follows by the Poincaré
lemma that in a coordinate chart it is possible to introduce an electromagnetic field

potential such that

Fc:..j = *'14:::;..3 - *_1..3;4:1 = *'14:::,..3 - 4_1..3,4:::

In which the comma denotes a partial derivative. This is often taken as equivalent to the
covariant Maxwell equation from which it is derived however, there are global solutions of the
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equation which may lack a globally defined potential.[9]
Solutions

The solutions of the Einstein field equations are metrics of spacetime. The solutions are hence
often called 'metrics'. These metrics describe the structure of the spacetime including the inertial
motion of objects in the spacetime. As the field equations are non-linear, they cannot always be
completely solved (i.e. without making approximations). For example, there is no known
complete solution for a spacetime with two massive bodies in it (which is a theoretical model of a
binary star system, for example). However, approximations are usually made in these cases.
These are commonly referred to as post-Newtonian approximations. Even so, there are
numerous cases where the field equations have been solved completely, and those are

called exact solutions. The study of exact solutions of Einstein's field equations is one of the
activities of cosmology. It leads to the prediction of black holes and to different models of
evolution of the universe.

The linearised EFE

The nonlinearity of the EFE makes finding exact solutions difficult. One way of solving the field
equations is to make an approximation, namely, that far from the source(s) of gravitating matter,
the gravitational field is very weak and the spacetime approximates that of Minkowski space. The
metric is then written as the sum of the Minkowski metric and a term representing the deviation
of the true metric from the Minkowski metric. This linearization procedure can be used to discuss
the phenomena of gravitational radiation.

Ricci curvature

In differential geometry, the Ricci curvature tensor, named after Gregorio Ricci-Curbastro,
represents the amount by which the volume element of a geodesic ball in a curved

Riemannian deviates from that of the standard ball in Euclidean space. As such, it provides one
way of measuring the degree to which the geometry determined by a given Riemannian

metric might differ from that of ordinary Euclidean n-space. The Ricci tensor is defined on

any pseudo-Riemannian manifold, as a trace of the Riemann curvature tensor. Like the metric
itself, the Ricci tensor is a symmetric bilinear form on the tangent space of the manifold (Besse
1987, p. 43).

In relativity theory, the Ricci tensor is the part of the curvature of space-time that determines the
degree to which matter will tend to converge or diverge in time (via the Raychaudhuri equation).
It is related to the matter content of the universe by means of the Einstein field equation. In
differential geometry, lower bounds on the Ricci tensor on a Riemannian manifold allow one to
extract global geometric and topological information by comparison (cf. comparison theorem)
with the geometry of a constant curvature space form. If the Ricci tensor satisfies the vacuum
Einstein equation, then the manifold is an Einstein manifold, which has been extensively studied
(cf. Besse 1987). In this connection, the flow equation governs the evolution of a given metric to
an Einstein metric, the precise manner in which this occurs ultimately leads to the solution of the
Poincaré conjecture.

Scalar curvature

In Riemannian geometry, the scalar curvature (or Ricci scalar) is the simplest curvature invariant
of a Riemannian manifold. To each point on a Riemannian manifold, it assigns a single real
number determined by the intrinsic geometry of the manifold near that point. Specifically, the
scalar curvature represents the amount by which the volume of a geodesic ball in a curved
Riemannian manifold deviates from that of the standard ball in Euclidean space. In two
dimensions, the scalar curvature is twice the Gaussian curvature, and completely characterizes
the curvature of a surface. In more than two dimensions, however, the curvature of Riemannian
manifolds involves more than one functionally independent quantity.

In general relativity, the scalar curvature is the Lagrangian density for the Einstein—Hilbert action.
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The Euler-Lagrange equations for this Lagrangian under variations in the metric constitute the
vacuum Einstein field equations, and the stationary metrics are known as Einstein metrics. The
scalar curvature is defined as the trace of the Ricci tensor, and it can be characterized as a
multiple of the average of the sectional curvatures at a point. Unlike the Ricci tensor and
sectional curvature, however, global results involving only the scalar curvature are extremely
subtle and difficult. One of the few is the positive mass theorem of Richard Schoen, Shing-Tung
Yau and Edward Witten. Another is the Yamabe problem, which seeks extremal metrics in a
given conformal class for which the scalar curvature is constant.

Metric tensor (general relativity)

Metric tensor of spacetime in general relativity written as a matrix.

In general relativity, the metric tensor (or simply, the metric) is the fundamental object of study.
It may loosely be thought of as a generalization of the gravitational field familiar from Newtonian
gravitation. The metric captures all the geometric and causal structure inspacetime, being used
to define notions such as distance, volume, curvature, angle, future and past.

Notation and conventions: Throughout this article we work with a metric signature that is mostly
positive (— + + +); see sign convention. As is customary in relativity, units are used where

the speed of light ¢ = 1. The gravitation constant G will be kept explicit. The summation, where
repeated indices are automatically summed over, is employed.

COSMOLOGICAL CONSTANT:

In physical cosmology, the cosmological constant (usually denoted by the Greek capital

letter lambda: A) was proposed by Albert Einstein as a modification of his original theory

of general relativity to achieve a stationary universe. Einstein abandoned the concept after the
observation of the Hubble redshift indicated that the universe might not be stationary, as he had
based his theory on the idea that the universe is unchanging. However, the discovery of cosmic
acceleration in 1998 has renewed interest in a cosmological constant.

Gravitational constant
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The gravitational constant denoted by letter G, is an empirical physical constant involved in the
calculation(s) of gravitational force between two bodies.G should not be confused with "little g"
(9), which is the local gravitational field (equivalent to the free-fall acceleration, especially that at
the Earth's surface..

Speed of light.

The speed of light in vacuum, usually denoted by ¢, is a universal physical constant important in
many areas of physics. Its value is 299,792,458 metres per second, a figure that is exact since
the length of the metre is defined from this constant and the international standard for

time. In imperial units this speed is approximately 186,282 miles per second. According to special
relativity, ¢ is the maximum speed at which all energy, matter, and information in

the universe can travel. It is the speed at which all massless particles and

associated fields (including electromagnetic radiation such aslight) travel in vacuum. It is also
the speed of gravity (i.e. of gravitational waves) predicted by current theories. Such particles and
waves travel at c regardless of the motion of the source or the inertial frame of reference of the
observer. In the Theory, c interrelates space and time, and also appears in the famous equation
of mass—energy equivalence = mc2

The speed at which light propagates through transparent materials, such as glass or air, is less
than c. The ratio between cand the speed v at which light travels in a material is called

the refractive index n of the material (n = c/ v). For example, for visible light the refractive
index of glass is typically around 1.5, meaning that light in glass travels atc / 1.5

=~ 200,000 km/s; the refractive index of air for visible light is about 1.0003, so the speed of light
in air is about90 km/s slower than c.

In most practical cases, light can be thought of as moving "instantaneously", but for long
distances and very sensitive measurements the finite speed of light has noticeable effects. In
communicating with distant space probes, it can take minutes to hours for a message to get from
Earth to the spacecraft or vice versa. The light we see from stars left them many years ago,
allowing us to study the history of the universe by looking at distant objects. The finite speed of
light also limits the theoretical maximum speed of computers, since information must be sent
within the computer from chip to chip. Finally, the speed of light can be used with time of

flight measurements to measure large distances to high precision.

Ole Rgmer first demonstrated in 1676 that light travelled at a finite speed (as opposed to
instantaneously) by studying the apparent motion of Jupiter's moon Io. In 1865, James Clerk
Maxwell proposed that light was an electromagnetic wave, and therefore travelled at the

speed c appearing in his theory of electromagnetism In 1905, Albert Einstein postulated that the
speed of light with respect to any inertial frame is independent of the motion of the light

source and explored the consequences of that postulate by deriving the special theory of
relativity and showing that the parameter c had relevance outside of the context of light and
electromagnetism. After centuries of increasingly precise measurements, in 1975 the speed of
light was known to be 299,792,458 m/s with a measurement uncertainty of 4 parts per billion. In
1983, the metrewas redefined in the International System of Units (SI) as the distance travelled
by light in vacuum in 1/299,792,458 of asecond. As a result, the numerical value of c in metres
per second is now fixed exactly by the definition of the metre

1 Numerical value, notation, and units

The speed of light in vacuum is usually denoted by ¢, for "constant" or the

Latin celeritas (meaning "swiftness"). Originally, the symbol V was used, introduced by James
Clerk Maxwell in 1865. In 1856, Wilhelm Eduard Weber and Rudolf Kohlrausch used c for a
constant later shown to equal V2 times the speed of light in vacuum. In 1894, Paul
Druderedefined c with its modern meaning. Einstein used V in his original German-language
papers on special relativity in 1905, but in 1907 he switched to ¢, which by then had become the
standard symbol.

Sometimes c is used for the speed of waves in any material medium, and c0 for the speed of
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light in vacuum This subscripted notation, which is endorsed in official SI literature, has the same
form as other related constants: namely, pOfor the vacuum permeability or magnetic

constant, €0 for the vacuum permittivity or electric constant, and Z0 for the impedance. This
article uses c exclusively for the speed of light in vacuum.

In the International System of Units (SI), the metre is defined as the distance light travels in
vacuum in 1/299,792,458 of a second. This definition fixes the speed of light in vacuum at
exactly 299,792,458 m/s. As a dimensional physical constant, the numerical value of c is different
for different unit systems. In branches of physics in which cappears often, such as in relativity, it
is common to use systems of natural units of measurement in which ¢ = 1 Using these

units, ¢ does not appear explicitly because multiplication or division by 1 does not affect the
result.

Fundamental role in physics

Speed at which light waves propagate in vacuum is independent both of the motion of the wave
source and of the inertial frame of reference of the observer This invariance of the speed of light
was postulated by Einstein in 1905 after being motivated by Maxwell's theory of
electromagnetism and the lack of evidence for the luminiferous aether; it has since been
consistently confirmed by many experiments. It is only possible to verify experimentally that the
two-way speed of light (for example, from a source to a mirror and back again) is frame-
independent, because it is impossible to measure the one-way speed of light (for example, from
a source to a distant detector) without some convention as to how clocks at the source and at
the detector should be synchronized. However, by adopting Einstein synchronization for the
clocks, the one-way speed of light becomes equal to the two-way speed of light by

definition. The special theory of relativity explores the consequences of this invariance of ¢ with
the assumption that the laws of physics are the same in all inertial frames of reference. One
consequence is that c is the speed at which all massless particles and waves, including light,
must travel in vacuum.

-

HRWEOND oW o

The Lorentz factor y as a function of velocity. It starts at 1 and approaches infinity as
v approaches c.

Special relativity has many counterintuitive and experimentally verified implications These include
the equivalence of mass and energy (E = mc2), length contraction (moving objects

shorten),[ and time dilation (moving clocks run slower). The factor y by which lengths contract
and times dilate, is known as the Lorentz factor and is given by y = (1 — v2/c2)-1/2, where v is
the speed of the object. The difference of y from 1 is negligible for speeds much slower than c,
such as most everyday speeds—in which case special relativity is closely approximated

by Galilean relativity—but it increases at relativistic speeds and diverges to infinity

as v approaches c.The results of special relativity can be summarized by treating space and time
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as a unified structure known as spacetime (with c relating the units of space and time), and
requiring that physical theories satisfy a special symmetry called Lorentz invariance, whose
mathematical formulation contains the parameter c Lorentz invariance is an almost universal
assumption for modern physical theories, such as quantum electrodynamics, quantum
chromodynamics, the Standard Model of particle physics, and general relativity. As such, the
parameter c is ubiquitous in modern physics, appearing in many contexts that are unrelated to
light. For example, general relativity predicts that c is also the speed and of gravitational

waves In non-inertial frames of reference (gravitationally curved space or accelerated reference
frames), the local speed of light is constant and equal to ¢, but the speed of light along a
trajectory of finite length can differ from ¢, depending on how distances and times are defined. It
is generally assumed that fundamental constants such as c have the same value throughout
spacetime, meaning that they do not depend on location and do not vary with time. However, it
has been suggested in various theories that the speed of light may have changed over time No
conclusive evidence for such changes has been found, but they remain the subject of ongoing
research. It also is generally assumed that the speed of light is isotropic, meaning that it has the
same value regardless of the direction in which it is measured. Observations of the emissions
from nuclear energy levels as a function of the orientation of the emitting nuclei in a magnetic
field (see Hughes—Drever experiment), and of rotating optical resonators (see Resonator
experiments) have put stringent limits on the possible two-way anisotropy.

Stress—energy tensor

energy
density energy flux

Too Ton Tz Toa

Tl[:l Tll T]'Z 1rqli:i

Tzu T21 ng T;;; shear stress
l Tan Ta Tz dzg |pressure

momentum  momentum
density Flux

The components of the stress-energy tensor.

The stress—energy tensor (sometimes stress—energy—momentum tensor) is a tensor quantity

in physics that describes the density and flux of energy and momentum in spacetime,
generalizing the stress tensor of Newtonian physics. It is an attribute of matter, radiation, and
non-gravitational force fields. The stress-energy tensor is the source of the gravitational field in
the Einstein field equations of general relativity, just as mass is the source of such a field

in Newtonian gravity.

The stress—energy tensor involves the use of superscripted variables which are not exponents
(see Einstein summation notation). The components of the position four-vector are given
by: x0 = t (time in seconds), x1 = x (in meters), x2 = y (in meters), and x3 = z(in meters).

The stress—energy tensor is defined as the tensor TQ"E of rank two that gives the flux of the
ath component of the momentum vector across a surface with constant xp coordinate. In the
theory of relativity, this momentum vector is taken as the four-momentum. In general relativity,
the stress-energy tensor is symmetric

T =T
In some alternative theories like Einstein—Cartan theory, the stress—energy tensor may not be

perfectly symmetric because of a nonzero spin tensor, which geometrically corresponds to a
nonzero torsion tensor.
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Identifying the components of the tensor

In the following i and k range from 1 through 3.

The time—time component is the density of relativistic mass, i.e. the energy density divided by
the speed of light squared It is of special interest because it has a simple physical interpretation.
In the case of a perfect fluid this component is

T% = p,

And for an electromagnetic field in otherwise empty space this component is
2

™ =3(F +B°)

Where E and B are the electric and magnetic fields respectively

The flux of relativistic mass across the xi surface is equivalent to the density of
the ith component of linear momentum,

™ =77,

The components

Tt'.!.:

Represent flux of ith component of linear momentum across the xk surface. In particular,
]—ra't'

(Not summed) represents normal stress which is called pressure when it is independent of
direction. Whereas

T, i#k

Represents shear stress (compare with the stress tensor).

In solid state physics and fluid mechanics, the stress tensor is defined to be the spatial
components of the stress—energy tensor in the comoving frame of reference. In other words, the
stress energy tensor in engineering differs from the stress energy tensor here by a momentum
convective term.

GOVERNING EQUATIONS

1 8¢
R — 5 9m R+ g = TT#“
FIRST TERM
ds? = (a13) MGy — (a13) MGy, 1
s (‘114)(1)613 - (a14)(1)614 2

dac
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acls = (a15)VGyy — (@) VG5
SECOND TERM

dT13 = (by3)VTy, — (bi3) VT,
dT14 = (b)) VT, — (b)) DTy,
dTls = (by5)VT1y — (b15) P Tis
THIRD TERM

dGlG = (a16)@G17 — (a1g) PGy
d617 = (a17) @Gy — (a)) DG,
dGls

(a18)( )617 - (a18)( )618

FOURTH TERM

darT:

e (b16)( )T17 - (blﬁ)( )T16
darT:

Y (b17)( )T16 - (b17)( )T17
dT18

(b18)( )T17 - (bIS)( )T18

GOVERNING EQUATIONS OF DUAL CONCATENATED SYSTEMS HOLISTIC
SYSTEM: EINSTEIN FIELD EQUATION WITH ALL THE FOUR TERMS:

FIRST TERM

aG ’ ”
— = (a 13)( )614 [(‘113)(1)“"(‘113)(1)(T14; t)” Gy3

dG 1 "
—2 = (a;)MGy3 — [(a14)(1)|+(a14)(1)(T14, t)| ]G14

dGlS

= (015)D 614 — [(@1s) V[ +(@f5) D (T1a, )] | Gis

Where |+(afs) D (Tyq, £)], |+ (af)) D (T,
coefficients for category 1, 2 and 3

t)‘ are first augmentation

SECOND TERM
T8 = (b)) VT — [ 01) V= 01D G, D) | s
Tl = (b)) VT3 — [(b1) V=1 V(6,0 | Tus

10

11

12

13
14

15

16

17
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T = (bys) VTyy — [ (i) V=01 V6, 0] | s

Where |- (1)@ (G, 0|, |- Y,
coefficients for category 1, 2 and 3

(b}) (G, 1) are first detrition

THIRD TERM AND FOURTH TERM

THIRD TERM

e = (010) P67 — | (@10) @] @) P (T17, 0] | Gre
dGU (a17)( )GIG [(a17)(2)|+(a1’7)(2)(T17,t)” Gy7
dGlB

= (019)? 617 — [(a1e) @[ +(a15)® (Ty7, )] | Gig

Where |+(ajs) @ (Ty7, )|, [+ @)@ (Ty, 0|, [+ @le) @ (T3, 0| are first augmentation
coefficients for category 1, 2 and 3

FOURTH TERM

e = (b16) DTy — (i) | = (b1e) P (Grs, )] Tis
T = (b)) DT — | (0P| =01 P (G20, O] | T1s
dT18

= (b1g) DTy, — [(b18)(2)|_(b @ (G, t)H Tig

Where | —(b7)® (G, 0|, [~ (01D P (10, )|, [~ (056)?(G10,1)| are first detritions
coefficients for category 1, 2 and 3

GOVERNING EQUATIONS OF CONCATENATED SYSTEM OF TWO CONCATENATED
DUAL SYSTEMS

THRID TERM

dG16

= (a16) PGy — [(aiﬁ)(z)’+(a1’6)(2)(T17,t)||—(a;’3)(1'1)(T14, t)H Gie

dG17

= (a17) P66 — [(ah)(z)’+(a1’7)(2)(T17,t)||—(a;’4)(1'1)(T14, t)H Gy

dGlg

= (010)?61; — [(@10) D[+ (@) P (117, O]~ (@im) D (T4, )] | 616

Where |+(ats) @ (T, £)], |+ (1) @ (T4,
coefficients for category 1, 2 and 3

15)@ (Ty5, )| are first augmentation

—(ajs) M) (Ty,, )| are second detritions

= (@) (T, )|, |~(ag) O (T,
coefficients for category 1, 2 and 3

18

19
20

21

22
23

24
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FIRST TERM

T8 = (b)) DTy — | (b1) V=01V (6, )|+ (b16) 22 (610, )] | s 28
Tt = (bya) VTys = |01 V[ = 1D G, D[+ BN PP (619, 6)] | Tis 29
s = (bys) Ty — [ (1) V=01 D G, ||+ (bi5) * (619, )| | Tis 30

Where| —(bi5)V(G, t)| |—(b DD, t)| |—(b DD, t)|are first detritions
coefficients for category 1, 2 and 3

[+ (610)%? (G,
coefficients for category 1 2and 3

t) |are second augmentation

FIRST TERM

212 = (013) 6y — [ (afx) Y+ (@)D (T4, )] | 615 31
212 = (0,) D615 — (@) Y+ (@)D (T1s, )] | G 32
215 = (015) 6y — [ (@1s) V[ +(ai5) D (T, D] | 615 33

Where |+(a}) D (Tyy, ©)|,[+(@l) P (Tpa, )], [+(als) D (T4, £)] are first augmentation
coefficients for category 1, 2 and 3

FOURTH TERM

T = (1) DThy — | 010D = (1)@ (610, D] | s 34
T = (b)) PTae — |01 D= (01 P (610, D] | Ty 35
T8 = (i) DTy — | (b1) P = (1)@ (610, O] | e 36

Where |~ (b)® (Gio, )|, [~ (b1 @ (G1o, 1)),
coefficients for category 1, 2 and 3

— ()@ (Gyo,t)| are first detrition

FOURTH TERM

58 = (b1) DTy — (i) @]~ (016) P (610, O || - (b5) D6, )] | Ty 37
T = (b)) DTy — (b)) P = (01D P (610, 0| - b1 D6, 0| | Ty 38
T = (b1o)@Ty7 — [ (bi) |~ (i) P (G19, 0| | - (b V6, )] | Ty 39

Where | —(bj)@ (Gyo, )|, [~ (i P (610, 8)|, |~ (bia) P (Gyo, )| are first detritions
coefficients for category 1, 2 and 3

|- (b1,

— (b )V (G, t)‘ are second detritions
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coefficients for category 1, 2 and 3

FIRST TERM

dGl3

= (@)Y 614 — (@) V[ + (@)D (T, O] +(a) 2 (T17, )| | G

dGM

= (@)D 613 — | (@1) O+ (@)D (T, )| +(af) 22 (147, )] | Gug

= (015) D61 — [ (@) V[ +(@) D (T, O] [+ (@) 2P (Ty7, )] | Gus

Where | (a%3) @ (T4, )], @7 @ (Tya,
coefficients for category 1, 2 and 3

1) (Ty,, 0| are first augmentation

t)| are second augmentation

|[+(a{e) 22Ty, )], [ +(@i) 22Ty,
coefficients for category 1, 2 and 3

THIRD TERM

d616

= (060?617 — [(a10) @[ +(a16)® (T17, )] | Gis

d617

= (0:)P 616 - (@) @[ +(@DP (T7, )] | 617

dG1s

(‘118)( )617 [(ais)(z)‘ +(a1’8)(2)(T17: t)” Gig

Where |+(a}) @ (Ty, ©)|,[+(@l) @ (Ty7, )], | +(ale) @ (T, £)] are first augmentation
coefficients for category 1, 2 and 3

SECOND TERM

dT13 _ (b13)(1)T14 _ [(b13)(1) —(b{" )(1)(6 t) ]T13

a ! "
;4 = (b“)(l)TB - [(b14)(1) _(b14)(1)(6, t) ]T14

dTlS = (by5) Ty — [(b15)(1) — (b5 (G, t) ]T15

Where |-(bi5) (6, 0)|,[=(bi) P (6, )|, |~ (bi5) (G, t) | are first detritions
coefficients for category 1, 2 and 3

THIRD TERM

d616

= (01?61, — [(@1e) D[+ (@) D (117, O] [+ (@) "D (T34, ]| G

d617

(a17)( )G16 [(ab)(z)‘ +(ai’7)(2)(T17, t)||+(a1'4)(1'1'1)(T14, t) H Gy

dGlg

= (010) P61 — [(@10) D[+ (@) D (117, O] [+ (@i "D (T34, )] | G

©) ©)) ()

Where [+(aje) ~ (Ty7, 0|, [+(at7) ~ (Ty7,0)|,|+(ass)
augmentation coefficients for category 1, 2 and 3

(Ty,,t)| are first

n 8 (1,1,1) n(1,1,1) n(1,1,1)
And |+(ay3) (Tia t) |, |+(ais) (Toa )|, |+(ass) (T,,,t)| are second

40
41

42

43
44

45

46
47

48

49
50

51
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augmentation coefficient for category 1, 2 and 3

SECOND TERM

2 = (i) VT = (015) = (01) V6,0 |~ (1) (610, 0| | Tis

ot = 00D — [(51) |2 (010) V6,0 [ (01) ) G 0] T
s = (i) VThs = | (015) | = (015) V(6,0 = (b16) **? (G20, 0| | T
Where —(bfg)(l)(c,t) , —(b1'4)(1)(6, 01, —(b{'s)(l)(G,t) are first detrition

coefficients for category 1, 2 and 3

7 (2,2,2) ~(2,2,2) (2,2,2)
_(b16) (G1a, 1) |, _(b17) (G1o,0) |, _(b18) (Gyo,t)| are second
detritions coefficient for category 1, 2 and 3
FIRST TERM
FEN)) (1) i ~(2,2,2) ]
dGB = (a13) MGy — (a13) +(a13) (Ty4,t) +(a16) (Ty7,) || G13
d N EY) NG n\(222) ]
GH =(a 14)( )613 (a14) +(a14) (Ty4,t) +(a17) (T17,0) || G1a
(D) (1) i £(2,2,2) |
dGls = (a35) PGy — (a15) +(a15) (Ty4,t) +(a18) (Ty7,) || Gys
o\ (1) (1) (1)
Where +(a13) (Tia D, +(a14) (Tia, D, +(315) (Tiat)

coefficients for category 1, 2 and 3

+(aje)

(2,2,2)

w22,
(Ty7, 01, +(a17)222)(T17,t) ’ +(a

augmentation coefficient for category 1, 2 and 3

are first augmentation

” 2,2,2
") Z?? (1,5, 1) | are second

are first detritions

THIRD TERM

e = (i) DTy — [ (b16) | = (b16) ? 6o, 0| | =(b12) 6,0 | Tae
2~ () @Ty = | (01) 7= (01) P G0, 0)| |- (01) 6,0 | 120
22 = (i) DTy — [ (b1) | = (b16) ? 6o, O] |=(b15) 6, 0| | Tag
where | —(b7s) ”(G10,0| ,|=(b1,) P G10.0)| , |~ (b75) G100

coefficients for category 1, 2 and 3

—(01)P 6, 0|, |-(b1) V6 )|, |~ (bis) P 6,0

coefficients for category 1,2 and 3

Uncerta

inty principle

are second detritions

52

53

54

55

56

57

58

59

60

In quantum mechanics, the uncertainty principle is any of a variety of mathematical inequalities
asserting a fundamental lower bound on the precision with which certain pairs of physical
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properties of a particle, such as position x and momentum p, can be simultaneously known. The
more precisely the position of some particle is determined, the less precisely its momentum can
be known, and vice versa The original heuristic argument that such a limit should exist was given
by Werner Heisenberg in 1927. A more formal inequality relating the standard deviation of
position ox and the standard deviation of momentum op was derived by Kennard later that year
(and independently by Weyl in 1928),

h
2?

Where h is the reduced Planck constant.

TeOp :_}

Historically, the uncertainty principle has been confused with a somewhat similar effect in
physics, called the observer effect which notes that measurements of certain systems cannot be
made without affecting the systems. Heisenberg himself offered such an observer effect at the
guantum level (see below) as a physical "explanation" of quantum uncertainty. However, it has
since become clear that quantum uncertainty is inherent in the properties of all wave-like
systems, and that it arises in quantum mechanics simply due to the matter wavenature of all
guantum objects. Thus, the uncertainty principle actually states a fundamental property of
guantum systems, and is not a statement about the observational success of current technology

Mathematically, the uncertainty relation between position and momentum arises because the
expressions of the wavefunction in the two corresponding bases are Fourier transforms of one
another (i.e., position and momentum are conjugate variables). A similar tradeoff between the
variances of Fourier conjugates arises wherever Fourier analysis is needed, for example in sound
waves. A pure tone is a sharp spike at a single frequency. Its Fourier transform gives the shape
of the sound wave in the time domain, which is a completely delocalized sine wave. In quantum
mechanics, the two key points are that the position of the particle takes the form of a matter

wave, and momentum is its Fourier conjugate, assured by the de Broglie relation ! = ﬁ'k,
where K is the wave number.

In the mathematical formulation of quantum mechanics, any pair of non-commuting self-adjoint
operators representing observables are subject to similar uncertainty limits. An eigenstate of an
observable represents the state of the wavefunction for a certain measurement value (the
eigenvalue). For example, if a measurement of an observable A is taken then the systemisin a
particular eigenstate ® of that observable. The particular eigenstate of the observable A may
not be an eigenstate of another observable B. 1f this is so, then it does not have a single
associated measurement as the system is not in an eigenstate of the observable

THE UNCERTAINTY PRINCIPLE:

The uncertainty principle can be interpreted in either the wave mechanics or matrix

mechanics formalisms of quantum mechanics. Although the principle is more visually intuitive in
the wave mechanics formalism, it was first derived and is more easily generalized in the matrix
mechanics formalism. We will attempt to motivate the principle in the two frameworks.

Wave mechanics interpretation

WWWw.ijsrp.org
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The superposition of several plane waves. The wave packet becomes increasingly localized with
the addition of many waves. The Fourier transform is a mathematical operation that separates a
wave packet into its individual plane waves. Note that the waves shown here are real for
illustrative purposes only whereas in quantum mechanics the wave function is generally complex.

¥ = AePr

.--" X

Plane wave

\‘PvArﬁ xll!

/ﬁ!\ /:f’,x

Wave packet

Propagation of de Broglie waves in 1d - real part of the complex amplitude is blue, imaginary
part is green. The probability (shown as the colouropacity) of finding the particle at a given
point x is spread out like a waveform, there is no definite position of the particle. As the
amplitude increases above zero the curvature decreases, so the decreases again, and vice versa
- the result are alternating amplitude: a wave.
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According to the de Broglie hypothesis, every object in our Universe is a wave, a situation which
gives rise to this phenomenon. The position of the particle is described by a wave function

‘I’(I, t). The time-independent wave function of a single-moded plane wave of wave
number kO or momentum p0 is

w(I) ox Eﬂm.’r — .t'p.u.'z:,.-’i"“r,

The Born rule states that this should be interpreted as a probability density function in the sense
that the probability of finding the particle between a and b is

b
Pla < X < B :/ [(x)|? da.

2
In the case of the single-moded plane wave, ur'r(IN is a uniform distribution. In other words,
the particle position is extremely uncertain in the sense that it could be essentially anywhere
along the wave packet. However, consider a wave function that is a sum of many waves. We
may write this as

P(z) o Y Anel",

Where An represents the relative contribution of the mode pn to the overall total. The figures to
the right show how with the addition of many plane waves, the wave packet can become more
localized. We may take this a step further to the continuum limit, where the wave function is

an integral over all possible modes

1 e
o) = g L o)

With ﬁf’(_ﬂ) representing the amplitude of these modes and is called the wave function
in momentum space. In mathematical terms, we say that ‘:'b(p) is the Fourier

f;
transforms of t,.,!(:r,) and that x and p are conjugate variables. Adding together all of these plane
waves comes at a cost, namely the momentum has become less precise, having become a
mixture of waves of many different momenta.

One way to quantify the precision of the position and momentum is the standard deviation o.

i 2
Since |t+"($}| is a probability density function for position, we calculate its standard deviation.

We improved the precision of the position, i.e. reduced ox, by using many plane waves, thereby
weakening the precision of the momentum, i.e. increased op. Another way of stating this is that
ox and op has an inverse relationship or are at least bounded from below. This is the uncertainty
principle, the exact limit of which is the Kennard bound. Click the show button below to see a
semi-formal derivation of the Kennard inequality using wave mechanics.

Matrix mechanics interpretation

In matrix mechanics, observables such as position and momentum are represented by self-
adjoint operators. When considering pairs of observables, one of the most important quantities is

the commutator. For a pair of operators Aand B, we may define their commutator as
I:J._l.q B] — J{B - Ba._l-
In the case of position and momentum, the commutator is the canonical commutation relation
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[z, p] = ih.

The physical meaning of the non-commutativity can be understood by considering the effect of
f;

the commutator on position and momentum eigenstates. Let |1“'} be a right eigenstate of

gy — /|
position with a constant eigenvalue x0. By definition, this means that T|h) = xalt).
f
Applying the commutator to |t+’r} yields

(&, Bllv) = (2 — p)[¥) = (& — z0l) - p|v)) = ihIY),

T f
where [ is simply the identity operator. Suppose for the sake of proof by contradiction that |t+">
is also a right eigenstate of momentum, with constant eigenvalue p0. If this were true, then we

could write

(& — zol) - plu) = (& — xol) - po 1)) = (w0l — aol) - po|v)) = 0.
On the other hand, the canonical commutation relation requires that
&, pllw) = ihly) # 0.

This implies that no quantum state can be simultaneously both a position and a momentum
eigenstate. When a state is measured, it is projected onto an eigenstate in the basis of the
observable. For example, if a particle's position is measured, then the state exists at least
momentarily in a position eigenstate. However, this means that the state is not in a momentum
eigenstate but rather exists as a sum of multiple momentum basis eigenstates. In other words
the momentum must be less precise. The precision may be quantified by the standard deviations,
defined by

0. =@ - @

o = (P?) — ()2

As with the wave mechanics interpretation above, we see a tradeoff between the precisions of
the two, given by the uncertainty principle.

Robertson-Schrodinger uncertainty relations

The most common general form of the uncertainty principle is the Robertson uncertainty
relation. For an arbitrary Hermitian operator@, we can associate a standard deviation

00 = (0% - (O

Where the brackets {@} indicate an expectation value. For a pair of operators Aand B, we
may define their commutator as

(A, B] = AB - BA,

In this notation, the Robertson uncertainty relation is given by

| P
> | =1 .
75 2 |5 (1A, B))

he Robertson uncertainty relation immediately follows from a slightly stronger inequality,
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the Schrédinger uncertainty relation,

2
i > (JUABY - (4B)) + (014 B)) .
Where we have introduced the anticommutator,
{A, B} = AB + BA,
Since the Robertson and Schrodinger relations are for general operators, the relations can be

applied to any two observables to obtain specific uncertainty relations. A few of the most
common relations found in the literature are given below.

For position and linear momentum, the canonical commutation relation [ii: ! ﬁ] =1h implies the
Kennard inequality from above:
h
O:0p = )
For two orthogonal components of the total angular momentum operator of an object:
501 2 51T

where i, j, k are distinct and Ji denotes angular momentum along the xi axis. This relation implies
that only a single component of a system's angular momentum can be defined with arbitrary
precision, normally the component parallel to an external (magnetic or electric) field. Moreover,
for [J-T-‘ J‘y] — EREE’H:J:, a choice A= JE! B = J'y, in angular momentum
multiplets, Lp =1j, m ), bounds the Casimir invariant (angular momentum

squared, {J + J + J }) from below and thus yields useful constraints such as j (j+1)
>m(m+ 1), and henceJ > m, among others.

In non-relativistic mechanics, time is privileged as an independent variable. Nevertheless, in
1945, L. I. Mandelshtam and I. E. Tamm derived a non-relativistic tin}e-energy uncertainty
relation, as follows For a quantum system in a non-stationary state % and an observable 3
represented by a self-adjoint operator B, the following formula holds:

g hi
FTp— —
ETam | = 27
uB

Where T E is the standard deviation of the energy operator in the state IF T B stands for the
standard deviation of 5 Although the second factor in the left-hand side has dimension of time,
it is dlfferent from the time parameter that enters Schrodinger equation. It is a lifetime of the

state tP with respect to the observable B.

IT IS TO BE NOTED THAT DESPITE THE UNIVERSALITY OF THE THEORY, SAY OF
NEWTON, THERE EXISTS WHAT COULD BE CALLED AS “TOTAL GRAVITY"” JUST BECAUSE
THERE IS CONSTANT MAINTAINANCE OF BALANCE IN ACCOUNTS IN THE BANK IT DOES
NOT MEAN THAT THERE DOES NOT EXIST ANY OPERATIONS, NOR IS THERE NO TOTAL
ASSETS OR LIABILITIES. IN FACT LIKE IN A CLOSED ECONOMY IT DOES. SO, WHEN WE
SAY THE FIRST TERMS OF EFE ARE CLASSIDFIED IN TO VARIOUS CATEGORIES WE
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REFER TO THE FACT THAT VARIOUS SYSTEMS ARE UNDER CONSIDERATION AND THEY
OFCOURSE SATISFY GTR. THE SAME EXPLANTION HOLDS GOOD IN THE
STARTIFICATION OF THE HEISENBERG'S PRINCIPLE OF UNCERTAINTY. FIRST, WE
DISCUSS THE EQUALITY CASE. WE TRANSFER THETERM REPRESENTATIVE OF POSITION
OF PARTICLE OR THE ONE CONSTITUTIVE OF MONEMTUM TO THE OTHER SIDE AND THE
RELATIONSHIP THAT EXISTS NOW BETWIXT “POSITION” AND MOMENTUM IS THAT THE
INVERSE OF ONE IS BEING “SUBTRACTED “FROM THE OTHER. THIS APPARANTELY
MEANS THAT ONE TERM IS BEITAKEN OUT FROM THE OTHER. THERE MAY OR MIGHT
NOT BE TIME LAG. THAT DOES NOT MATTYER IN OPUR CALCULATION. THE EQUATIONS
REPRESENT AND CONSTITUTE THE GLOBALISED EQUATIONS WHICH IS BASED ON THE
SIMPLE MATTER OF ACCENTUATION AND DISSSIPATION. IN FACT THE FUNCTIONAL
FORMS OF ACCENTUATION AND DISSIPATION TERMS THEMSELVES ARE DESIGNATIVE
OF THE FACT THAT THERE EXISTS A LINK BETWEEN THE VARIOUS THEORIES GALILEAN,
PLATONIC, MENTAL, GTR, STR, QM.QFT, AND QUANTUM GRAVITY. FINALLY. I AN SERIES
OF PAPER WE SHALL BUILD UP THE STRUCTURE TOWARDS THE END OF
CONSUMMATION OF THE UNIFICATION OF THE THEORIES. THAT OINE THEORY IS
RELATED TO ANOTHER IS BEYOND DISPUTE AND WE TAKE OFF FROM THAT POINT
TOWARDS OUR MISSION.

1 ¥rl7
Ry — o R+ gy A = ?THL‘

FIRST TERM AND SECOND TERM IN EFE :

: CATEGORY ONE OF THE FIRST TERM IN EFE

: CATEGORY TWO OF THE FIRST TERM IN EFE

: CATEGORY THREEOF FIRST TERM IN EFE

: CATEGORY ONE OF SECOND TERM IN EFE

: CATEGORY TWO OF THE SECOND TERM IN EFE

: CATEGORY THREE OF SECOND TERM IN EFE

THIRD TERM AND FOURTH TERM OF EFE: NOTE FOURTH TERM ON RHS IS REMOVED

FROM THE THIRD TERM

(;18 .

T16
T17

T18

: CATEGORY ONE OF THIRD TERM OF EFE

: CATEGORY TWO OF THIRD TERM OF EFE

CATEGORY THREE OF THIRD TERM OF EFE

: CATEGORY ONE OF FOURTH TERM OF EFE 1
: CATEGORY TWO OF FOURTH TERM OF EFE

: CATEGORY THREE OF FOURTH TERM OF EFE
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h
Oz0p = =,
HEISENBERG'S UNCERTAINTY PRINCIPLE: 2

NOTE THE FIRST TERM IS INVERSELY PROPORTIONAL TO THE SECOND TERM. TAKE THE
EQUALITY CASE. THIS LEADS TO SUBTRACTION OF THE SECOND TERM ON THE RHS FROM
THE FIRST TERM THIS WWE SHALL MODEL AND ANNEX WITH EFE. DESPITE HUP HOLDING
GOOD FOR ALL THE SYSTEMS, WE CAN CLASSIFY THE SYSTEMS STUDIED AND NOTE THE
REGISTRATIONS IN EACH SYSTEM. AS SAID EARLIER THE FIRST TERM VALUE OF SOME
SYSTEM, THE SECOND TERM VALUE OF SOME OTHER DIFFERENTIATION CARRIED OUT
BASED ON PARAMETRICIZATION

G, : CATEGORY ONE OF FIRST TERM ON HUP
G,, : CATEGORY TWO OF FIRST TERM OF HUP
G,, : CATEGORY THREE OF FIRST TERM OF HUP
T,, : CATEGORY ONE OF SECOND TERM OF HUP
T,, : CATEGORY TWO OF SECOND TERM OF UCP

T,, : CATEGORY THREE OF SECOND TERM OF HUP

ACCENTUATION COEFFCIENTS:OF HOLISTIC SYSTEM EFE-HUP SYSTEM

(a13)(1), (a14)(1), (a15)(1), (b13)(1), (b14)(1); (b15)(1) (a16)(2): (a17)(2), (a18)(2)
(b16)(2)' (b17)(2)! (b18)(2): (aZO)(3)I (a21)(3)1 (aZZ)(3) ) (bZO)(3)I (b21)(3): (bZZ)(3)

NS NS NS ANGY NS aNGY 72 () 72
(‘113) 1)' (au)(l '(‘115) 1)' (bm)(1 '(b14) 1)' (bls) (1 ) (‘116)(2 '(‘117) 2)' (als)(z ’

s \(2 , 2) s \(2 ’ 3) ’ 3 ’ 3) , 3) s \(3 ’ 3)
(bm) , (b17) ! (bls) , (azo) ) (a21) ) (azz) ’ (b20) ) (b21) ’ (b22)

FIRST TERM OF EFE- SECOND TERM OF EFE:GOVERNING EQUATIONS:

The differential system of this model is now

255 = (013) D614 — [ (a5) ™ + (a13) (T2, 0] G

1t () W61 — [(a1a)” + (a2) " (T4, 0] Gra 1
dgis = (a15)(1)G14 - [(ais)(l) + (alus)(l)(TM, t)] Gis 2
s = (b)) DTy — [(b13)™ = (b15) 6,0 Tis 3
it = (b ) DTy = [(b1)™" = (042) 7 (6,0 Toa 4
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s = (b)) Oy — (1) ™ = (b5) "V 6,0)] s
+(a1”3)(1)(T14, t) = First augmentation factor

—(b{;)m(G, t) = First detritions factor

GOVERNING EQUATIONS:THIRD TERM OF EFE AND FOURTH TERM OF EFE:

The differential system of this model is now
@) @)
dcls = (a16)®Gy7 — [(‘116) + ( 16) (T17't)] Gie

dGl7 (a17)( )616 [(a17)(2) + ( 17)(2)(T17't)] G17

dcls = (a15)@Gy7 — [(a18)( ) + ( 18)( )(T17;t)] Gig

e = (b1e) Ty — [ (b16)™ = (b16)  ((G19). )] Tis

7 = (by)@Tys = [(b7)® = (b37) (610, 0)] T

d (2) @)
Tls = (b1g)PTy; — [(bm) — (b1g) " ((Gro), t)] Tig
+(a})®(T,,,t) = First augmentation factor

—(b1e)@((G1o),t) = First detritions factor

10

11

12

13

14

15

16

GOVERNING EQUATIONS:OF THE FIRST TERM AND SECOND TERM OF HUP:NOTE
THAT FSECOND TERM (INVERSE THEREOF) IS SUBTRACTED FROM THE FIRST TERM

;WHICH MEANS THE AMOUNT IS REMOVED FOR INFINITE SYSTEMS IN THE

WORLD. LAW OFCOURSE HOLDS FOR ALL THE SYSTEMS BY THIS METHIODLOGY

WE GET THE VALUE OF THE FIRST TERM AS WELL AS THE SECOND TERM

The differential system of this model is now

dG ’ "
20 = (az0)®Gyy — [(‘120)(3) + (a3) P (Tyy, t)]Gzo

dG
2L = (ay1) PGy — [(‘121)(3) + (a3’ )(3)(T21:t)]G21

dG
22 = (ay2) PG,y — [(azz)(3) + (a3, )(3)(T21:t)]622

dTZO

(bzo)(g)Tn - [(bzo)(g) — (b )(3)(623» t)]Tzo

dT21

(b21)(3)T20 - [(b21)(3) - (béll)(S)(st, t)]T21

17
18
19
20

21
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drT, ! "
diz = (bzz)(3)Tz1 - [(bzz)(g) - (bzz)(S)(ng, t)]TZZ

+(ayy)®(T,,,t) = First augmentation factor

—(by)®(G,3,t) = First detritions factor

GOVERNING EQUATIONS OF THE HOLISTIC SYSTEM FOUR TERMS OF EFE AND TWO TERMS
OF HUP:

dG I n n rn

d;3 = (a13) MGy — [(a13)(1)|+(a13)(1) (T1a, t)”"‘(am)(z‘z‘) (Ty7,8) ||+(azo)(3’3’) (T2, t)” Gi3
dG I n n rn

98 = (1) V63 — [(@10) [+ DTy, O][+(@) @) (T, )] [+ @53 (11, )] | Gra
dG ! 1 n n

5 = (a35)® 61 — [ (afs) U+ (@)D (T, )] [+(afe) @) (117, )| +(a50) B3 (T, )] | G

Where [(ay) D (Ty, 0)],
category 1, 2 and 3

(@)D (T, t) || (@)s) D (T, t)| are first augmentation coefficients for

[F(@f)®® (137, 0], [+(@{ @ (T35, 1)
coefficient for category 1, 2 and 3

+(a}s) ®2) (Tyy, t)| are second augmentation

7/

| +(a4) B3 (Tyy, O], | +(a5) B3 (Ty, )|, | +(ag) @) (T4, )] are third augmentation coefficient
for category 1, 2 and 3

T2 = (byy) Ty = [ (1) V= 015D (G, D] |~ (b16) #2619, ) || = (B50)** (G, )] | T1s

dac

Tt = (b)) Ty = [(01) V=GP G, D] [~ BN P2) (619, O] [~ 053 (G, )| | Tua

dac

T = (bi) VT — 01 V= 01D DG, O] [~ Bi) 2 (G0, D]~ (052 (G2s, D] | s

Where |—(bi5) (6, 1)),
category 1, 2 and 3

~ (1)@, 1)

— (i)W, t)‘ are first detrition coefficients for

’

|—(b{’6)(2'2')(619, t)‘,‘—(b{g)(z'z') (Gro, 1) |,|—(b{’8)(2'2') (G1o t)‘ are second detrition coefficients for
category 1, 2 and 3

= (b30) %% (Go3, O], [- (03 F* (G5, .|~ (052) #*) (G5, )| are third detrition coefficients for
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category 1, 2 and 3

218 = (016)P 617 — | (a16) P +(@l) @ (Ty7, )] [ +(afs) M) (T, B[ +(a50) 33D (T30, )] | 616 %
217 = (017) D616 — | (@) D[+ (@D P (T, ][ +(@f) M) (T, B[ +(a5) 2D (T3, 0)] | 627 37
‘”13—(a18)<2>617—[<a18><2>|+(a D)@ (Ty7, )] [+(afs) ) (T, )] +(a5) B39 (T3, 0)] | 61 38

n

Where |+(as)®(Ty,
for category 1, 2 and 3

t)| are first augmentation coefficients 3¢

1) I (T, t)| are second augmentation

And [+(ai5) 2 (T, 1D (T,
coefficient for category 1, 2 and 3

are third augmentation

|+(all )(3 ,3, 3)(T21’
coefficient for category 1, 2 and 3

40
T = (b1e) DTy = [ (bi6) @]~ (b16)P (610, 8)] [~ (bi5) (G, )] [~ (B50) ®*3) (G, D) | T 4
T = (b)) DTy — | (i) P|= (0P (610, D) [~ (b (G, )] [~ (b5 33 (G5, D] | T %2
T = (big) DTy, — [(bie) | = (bip) P (Gas, )] [=(15) (G, 1) || = (b35) B33 (Go, )] | Th 3
where‘ — (/)P (Gyo, — ()P (Gyo, —(bY) @ (Gyo, t)| are first detrition coefficients 4
for category 1, 2 and 3
| (bi)EL(G, t)‘ | —(by, —(bju) (G, t)‘ are second detrition coefficients for
category 1,2 and 3
|—(b” )(333)(623,t)| |—(b )(333)(623,t)| |—(b )(333)(623,t)| are third detrition coefficients
for category 1,2 and 3

45
220 = (8,0)P 61 — [(@50) P +(a50) P (T, O] [+(a16) #2P (Ty7, )|+ (@) 1) (T, )] | 6o 6
d621 = (a 21)( )Gzo - [(a21)(3)|+(a )(3)(T21,t)H+(a1’7)(2'2'2)(T17,t)H+(a;’4)(1'1'1')(T14, t)” G2y 47
dGzz = (a 22)( )G21 - [(azz)(3)|+(a )(3)(T21rt)‘|+(a1,8 (2'2'2)(T17,t)‘|+(a1'5 (1'1'1')(T14' t)” G2z 78
|+(a§’0)(3)(T21,t)L|+(a§’1)(3)(T21,t)H+(a’2’2)(3)(T21,t)‘ are first augmentation coefficients for 49
category 1, 2 and 3
| +(ay) @A (T, 1) ‘ ‘ +(ay,) #*A(T,,, 1) @22 (T, t) ‘ are second augmentation
coefficients for category 1, 2 and 3
|+(a1’3)(1'1'1')(T14, t)H +(ay) T (Tyy, t) |,|+(a;’5)(1'1'1') (Tya) t)‘ are third augmentation
coefficients for category 1, 2 and 3

50
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T80 = (b0) Ty — [(050) P = (30) D (63, )] [~ (b16) #*P (619, ) || = (B1) (G, )| | T 51
T8 = (b)) OTy0 — [(b5) P~ (03 P (Ga, O] [~ (BN P2 (619, 6) || = (b1 (G, )| | T 52
% = (by)PTyy — [(béz)m‘ —(b3,)® (63, 1) H—(b{’s;)(z'z'z)(619' t)“—(b{'s)(l'l'l')(G' t) H Tz 53
|=(050)® (Ga3, )], [ = (13)P (623, D) | | = (B3)® (Gos, )| are first detrition coefficients for 54
category 1, 2 and 3

|—(b{’6)(2'2'2)(619, )|, | =B @2 (G, )|, | —(b1) ??P (G4, t)| are second detrition coefficients

for category 1, 2 and 3

=) (G,0)|,| = () (6, 0|, |- (bys) 1(G, ¢) | are third detrition coefficients for
category 1,2 and 3

55
Where we suppose 56
B @D, @D, @)D, D, BHD, B > 0, 57

i,j =13,14,15
(B)  The functions (a;)®, (b;")™ are positive continuous increasing and bounded.
Definition of (p)®, (r,)®:
@)V (T14,t) < (W < (A13)™
BNPEH < D < BN < (Biz)™
©  limg, (@)D (Tyg, ) = (p)™ >8
limg, (/)M (G, 1) = ()@

Definition of ( 4,5 )®, (B,5)® :

Where [(4;5)@, (B15)®, @)@, (r,)®|are positive constants

and |i =13,14,15

They satisfy Lipschitz condition: 59

(@YD (0 ) = (@) V(M1 O] < (Raz )OITyy = Tyle™ i) 60
IGHDE, 1) = BIDG, 0] < (kyz )PIG — 67]]e™s) Dt ol
With the Lipschitz condition, we place a restriction on the behavior of functions 62

(@D (T, t) and(a))V(Ty4,t) .(Ti,,t) and (T, t) are points belonging to the interval
[(ky3)D, (M;5)D] . It is to be noted that (a})®(Ty,, t) is uniformly continuous. In the
eventuality of the fact, that if (M,5)™ = 1 then the function (a])®(T.4,t) , the first
augmentation coefficient WOULD BE absolutely continuous.

Definition of (7,5 )™, (ky3)® : 63

(D) (My3)D, (k3)D, are positive constants
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@® ™
(M13)D 7 (#33)D

Definition of ( 2,5 )™, (Q,3)®V : 64
(E) There exists two constants ( P;; )™ and ( 0,5 )® which together with 65
(My3)D, (k13)D, (A13)Pand (B3 )™ and the constants
(@)™, (@)@, D, NP, (p)®, )W, i =13,14,15, 66
satisfy the inequalities 67
, A . - 68
m [(@)® + (@)® + (A3) P+ (Pi3)® (ky3)P] < 1
m[ b)® + BD® + (Biz)P+ (030D (ki)W <1
Where we suppose 69
A @ @)@, @"H?, ), )P, (NP >0, ij=1617,18 70
(G) The functions (a/")®, (b/")®® are positive continuous increasing and bounded. 71
Definition of (p)@®, (r)®: 72
12 2 (2)
@ND(Ty,t) < (p)@ < (A16 ) 73
bNP(Gro,t) < ()P < (B)P < (B )P 74
(H)  limg, (@)@ (Ty7,8) = (p)@ 75
limg_e (b )® ((G10), ) = (r)@ 76
Definition of (A, )®,(B;4)? : 77
Where|(,416 Y@, (B1s)®, (p)P®, (1)@ |are positive constants and
They satisfy Lipschitz condition: 78
@) ® (TL7, ) = @)D (T17, )] < (ki )PTyy = Tiyle~(Fie)t 79
(5P ((61)',8) = BINP((G16), )] < (K16 )PNI(G19) = (Gro)'[|e 1)t 80
With the Lipschitz condition, we place a restriction on the behavior of functions (a/)® (T, t) 81
and(a})?(Ty,,t) . (T{,,t) and (Ty,,t) are points belonging to the interval [(ky6)®, (M;6)@]
. It is to be noted that (a/)® (T,,t) is uniformly continuous. In the eventuality of the fact, that
if (M,5)® = 1 then the function (a/)®(Ty,,t), the SECOND augmentation coefficient
attributable to would be absolutely continuous.
Definition of (M, )@, (k)@ : 82
€)) (M6)P, (ky)®, are positive constants 83
@® @
(M16)®) 7 (M16)?)
Definition of (2,5 )®,(0,3)® : 84

There exists two constants ( 2,4 )® and ( 0,4 )® which together
with (M4 )@, (k16 )@, (A16)Pand (B,)® and the constants
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@)@, @)@, )@, bY@, )P, ()@, i = 161718,

satisfy the inequalities

1

(M6)® [ (ai)(Z) + (a;)(Z) + (A1) P+ (P)@ (f(16 P<1

m[ B)P + GNP + (Bis)P + (016)P (k)P <1
Where we suppose
@) (@)@, (@)®, (@H)®, )P, (1D, (b{H® > 0,
i,j =20,21,22
(K) The functions (a/")®, (b/")® are positive continuous increasing and bounded.
Definition of (p,))®, (r)®:
(@ N® (T, 1) < )P < (A30)®

(NP (G5, t) < ()P < (B)P < (Byo)®

L) limp, o(ai)® (o1, 0) = )@
limg_, o (bi”)m (Gy3,t) = (ri)(S)
Definition of ( 4,,)®, (B,,)® :
Where |(A20)(3),(B’20 )3, (p)®, (ri)(3)|are positive constants and

They satisfy Lipschitz condition:

" ’ 17 I ’ (M 3)
(@) (T4, £) — (@)D Ty, )] < (kpo )P Tyy — Thyle~ (200Dt
I(5) B (Gas', ) = (b)) (Gas, )] < (Fgo )P||Goz — G ||~ (200Dt

With the Lipschitz condition, we place a restriction on the behavior of functions (a))®)(T;,,t)
and(a})® (T, t) . (T41,t) And (T4, t) are points belonging to the interval [(k,o)®, (M, )]
. It is to be noted that (a}")®(T,,,t) is uniformly continuous. In the eventuality of the fact, that
if (M,,)® = 1 then the function (a})®(T,,,t) , the THIRD augmentation coefficient would
be absolutely continuous.

Definition of ( 1,,)®), (k,,)® :
(M) (M), (ky0)®), are positive constants

@® _m®
(M20)® 7 (M)

There exists two constants There exists two constants ( P,, )® and ( 0, )® which together
with (M, )@, (k0 )@, (Ay0)Pand ( B,y )® and the constants

(@)@, (@)®, 1)@, (D, )P, ()P, i =20,21,22,

satisfy the inequalities

1

T @ + @) + (A20)® + (Pr)® (kpo)®] <1
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1

(M30)® [ )P+ BD® + (By)® + (020)® (k)P <1

Theorem 1: if the conditions above are fulfilled, there exists a solution satisfying the
conditions

Definition of G;(0),T;(0) :

GO < (Pys) VeVt [7G,(0) = 60 > 0]

Ty(t) < (Qy3)We™)Pe 1 (0) =T? > 0

Definition of ¢;(0),T;(0)
Gi(t) < (Pe)Pe™o®t | G,(0) =62 >0

Ty(t) < (Q16) @)t T(0) =T2 >0

Gi(t) < (Py) @00t G,(0) =62 >0
Ti(t) < (0z0)Pe(M0)Pt T(0)=T2>0
Proof:

Consider operator A™ defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

G;(0) = Gio , T;(0) = Ti0 , Gio = (ﬁls )(1) :Tio < (le )(1),
0 < Gi(t) — GP < (Py5 ) MeF) M
0<Ti(t)-T? < (013 )(1)9(1@13 YD

By

Gis() = G% + |, [(013)(1)014(5(13)) - ((ais)(l) + a;’3)(1)(T14(s(13)),5(13))) 613(5(13))] ds(13)
MOENAIN [(‘114)(1)613(5(13)) - ((‘114)(1) + (@) (Tua(sas), 5(13))> 614(5(13))] ds(s)
Gys(t) = Gis + fot [(als)(l)GM(s(B)) - ((ais)(l) + (ails)(l)(TM(S(ls))’5(13))) 615(5(13))] dS@3)
Tis(t) =T& + [(b13)(1)T14(5(13)) - ((b{3)(1) — (1P (6 (sam), 5(13))) T13(5(13))] ds(3)

7_114(15) = T104 + fot [(b14)(1)T13 (5(13)) - ((bh)(l) - (bﬁt)(l)(G(S(m)),5(13))) T14(5(13))] d5(13)

101
101
102
103

104
105

106
107

108

109
110

111

112

113

114

115

116
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Tys() = Ts + fot [(b15)(1)T14(5(13)) - ((bis)(l) — (15) V(6 (sas), 5(13))) T15(5(13))] ds(13)

Where s(,3) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

G(0) =G, T;(0) =T, G < (P1s)®, TP < (Q16)?@,
0 < Gi(t) — G < (Pyg )Pe(Me)®t
)¢

0 <Ti() = TP < (Q16)PeM16)

By
Gi6(t) = Gl + fot [(‘116)(2)617(5(16)) - ((a;G)(Z) + ai’e)(z)(Tﬂ(S(m)); 5(16)) G16(5(16))] ds(1e)

Gi7 () = Gy + fot [(a17)(2)G16(S(16)) (a17)(2) + (a1’7)(2) (T17(S(16))15(17))) G17(5(16))] ds(1e)

6718(t) = Gfs + fot [(a18)(2)G17(5(16)) - ((ais)(z) + (ai's)(z) (T17(S(16)): 5(16)) G18(5(16))] ds(e)

Ti6(t) = Tis + fot [(bIG)(Z)T17 (5(16)) - (b{6)(2) - (b{’é)(z)(G(s(lﬁ)),s(lﬁ)) T16(5(16))] ds(1e)

( )
7_117(15) = T107 + fot [(b17)(2)T16(S(16)) - ((b{7)(2) - (big)(z)(G(S(le))» S(16))) T17(S(16))] ds(16)
)

Tig(t) = Tig + fot [(b18)(2)T17 (5(16)) - ((bis)(z) - (b{IS)(Z)(G(S(lﬁ))'S(lﬁ)) T18(5(16))] ds(1e)

Where s(;¢) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A®) defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

G;(0) =G, T;,(0) =T?, G < (Pyy)®, T < (0,0)®,
0 <G;(t) — G < (Py )(3)6(1@20)(3%

0<Ti(t) = T2 < (Qy )(s)e(ﬁzo)@t

By

Goo(t) = G + [ [(aZO)(3)(;21(s(20)) - ((aéo)@) + a40) @ (To1(520))s 5(20))) Gzo(S(zo))] ds 20
Gy (0) = G + fot [(a21)(3)020(s(20)) - ((a'z1)(3) + (@)@ (T (520))s s(zo))) G21(s(20))] ds(z0)
Gy () = G, + fot [(azz)(3)G21(5(20)) - ((a'zz)(B) + (a;’z)(3)(T21(s(20)),s(zo))) Gzz(S(zo))] dsz0)

Tyo(t) =Ty + fot [(bzo)(3)T21(5(20)) - ((béo)(” - (bélo)(”(G(s(zo))' 5(20))) Tzo(s(zo))] ds (20
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T () =To + fot [(b21)(3)T20(5(20)) - ((bé1)(3) - (b3 (3)(6(5(20))‘ 5(20))) T21(5(20))] ds(20)

Ty () = T3, + fot [(bzz)(s)Tm(s(zo)) - ((bzz)(S) — (b2 )(3)(6(5(20)) 5(20))) Tzz(s(zo))] ds(z0)

Where s, is the integrand that is integrated over an interval (0, t)

(a) The operator A™ maps the space of functions satisfying into itself .Indeed it is obvious
that

t =~ ;2 )
Gi3(t) < G5 + | [(a13)(1) (Gf4+(P13 YPeMas) 5(13))] dsuz) =

1 0 (a13) D (Py5)® a2 YD
(1+ (a1)M1)GL, + W(G( 13)70 — 1)

From which it follows that

(P13)D+69,

_ @ @ ( ) ~
(Gya(t) — G (M)t < ((1‘\1413))(1) [(( Pis)® + Gy )e ¥ +(Pr3)®

(GY) is as defined in the statement of theorem 1
Analogous inequalities hold also for G4, G;s, Ti3, Tha, T1s

(b) The operator A® maps the space of functions satisfying into itself .Indeed it is obvious
that

t 5 )2
G16(t) < G + | [(am)(z) (Gf7+(P16 )©eMae) 5(16))] dse) =

2 0 (a16)P(P16)P M. YDt
(1 + (als)( )t)Gl7 + W(e( 16) - 1)

From which it follows that

(P16)P+69,

_ 0 (2 ~
(G16(t) — Glo)e (H116)2¢ < ((;16))(2) [(( Pis)® +Gp, )e( 67 ) + (Pi6 )(z)l

Analogous inequalities hold also for G, ,G1g, Ti6 T17, T1g

(a) The operator A% maps the space of functions satisfying into itself .Indeed it is obvious
that

t PN 0 )3
Gao(t) < G99 + Jy [(a20)® (631+( Py )P 20?5600 disp =

3 0 (a20) P (P20)® [N E)
(14 (a,0)®t)G2; + W(e( 20)t 1)

From which it follows that

(P20)®+69,

_ 3) 3) ~ <— ) ~
(Gao(t) — GZp)e~(M20) Dt < (G20 |((p, 3 4 GO )e G ) 4 (Pyy)®

(M0 )3

Analogous inequalities hold also for G, , Gy, Tog, To1, Tasz
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@® ™

(M) @D * (fy5)D <1 and to choose

It is now sufficient to take

(P3)® and (Q,5 )@ large to have

<(?’13)(1)+G?>
@® | - R B - .
- (Pi)® + ((P13)V +G)e i < (P3)®

(M13)@

(Q13 )(1)+T?

(M13)@

In order that the operator A™ transforms the space of sextuples of functions G;,T; into itself

The operator A® is a contraction with respect to the metric
d ((G(n,T(n), (G(z),T(n)) =

sup{max |¢™V(t) - Gi(z)(t)|e'(’q13)(1)t,max T (@) - 1,® (t)|e‘("7’13)(1)t}
i teER+ teER4

Indeed if we denote
Definition of G,T :
(G, T)=ANG,T)
It results
165 = 62| < [ (@)@ |67 — 67|19V sawe (M1 Msa gy +
[y @) V165 = 63 e Pamem(Ma P 4
(@) V(T 509|613 = 6D e e () Vs

2 1 ' 2 —(M13)® Ty2)D
62 1) V(T s09) = @D (D, sa)| e Mo M Psands 4

Where s(,3) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|6 — @~ Pe <
1 , —~ ~ ~
A (@) + @)D + (A1) + ()P (i) ®)d (60,705 6@, 7))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ai3)® and (bj5)™ depending also on t can be
considered as not conformal with the reality, however we have put this hypothesis ,in order
that we can postulate condition necessary to prove the uniqueness of the solution bounded by

(Pr3)De™1Dt gng (0,,)De MDDt respectively of R,.
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If instead of proving the existence of the solution on R,, we have to prove it only on a
compact then it suffices to consider that (a/)® and (b;)V,i = 13,14,15 depend only on T,
and respectively on G(and noton t) and hypothesis can replaced by a usual Lipschitz
condition.

Remark 2: There does not exist any t where G; (t) = 0and T;(t) =0

From GLOBAL EQUATIONS it results

G; (t) > Gifle[— fot{(ag)(l)—(a{’)(l)(7"14(5(13))'5(13))}‘15(13)] >0

T, (t) = T2e(-0DV) > 0 fort> 0

Definition of ((M,;)®) , (M15)®), and ((M,3)V), :
Remark 3: if G,; is bounded, the same property have also G,, and G5 . indeed if
Giz < (My)@ it follows 24 < ((M,3)@), — (a14)VGy, and by integrating

Gra < (My2)W), = Gy + 2(a1) P (M13) @), /(a1) ™

In the same way , one can obtain

Gys < ((7‘7&3)(1))3 = Gfs + 2(a15)(1)(('M13)(1))2/(a15)(1)

If G, or G5 is bounded, the same property follows for G5, G;s and G,3, G,, respectively.

Remark 4: If G5 is bounded, from below, the same property holds for G,, and G5 . The proof
is analogous with the preceding one. An analogous property is true if G,,is bounded from
below.

Remark 5: If T,; is bounded from below and lim,_. ((b; )™ (G(t),t)) = (b],)™ then

T14 — oo.
Definition of (m)® and ¢; :
Indeed let t; be so that for t > t;

(b1)® — (B{ND(G (D), 1) < &, Ty3 () > (m)D

Then d;&: > (a;,) V(M) — ¢, T,, which leads to
Dy @
Ty = (M) (1 —e &ty + T e 5t If we take t such that e~41t = % it results
1
D ()@
Ty = (%) t = loggi By taking now ¢, sufficiently small one sees that T, is
1

unbounded. The same property holds for T, if lim,_,., (bj5)® (G(t),t) = (b}s)

We now state a more precise theorem about the behaviors at infinity of the solutions

@® 0@
(M16)@ 7 (M16)@

It is now sufficient to take < 1 and to choose

(P )@ and (0,4)® large to have
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<(ﬁ16>(2>+6§?> 7
N | N | .
% (Pie)® + (( P )@+ Gjo)e ¥ < (P)®
168
( (Q16 )(Z)+T?>
@ ~ | _ .
e l(( Q)P +Tfe T T4 (016)P | < (Que)@
In order that the operator A® transforms the space of sextuples of functions G;,T; intoitself 169
The operator A® is a contraction with respect to the metric 170
d (((G1)@, (T1)®), ((G1)@, (T1) @) ) = 171

sup{max |Gi(1)(t) — Gi(z)(t)|e‘(’q16)(2)t,max |Ti(1) t) - Ti(z) (t)|e‘("7’16)(2)t}
i teER+ teER4

Indeed if we denote 172
Definition of G,,, T)5 :
( 6;3: T;a ) = Uq(z)(Gwv Tis)

It results 173

|G~1(é) _ Gi(2)| < fot(alé)(Z) |Gl(;) _ Gl(g)|e—(’Mls)(Z)s(m)e(’1\7116)(2)5(16) dse +

@ @]62 - 62 e a0 Psaoe= a0

R

621l P(TS, 506) = (@) P (T, s06)| 6”16 5006 10 Ps00)ds

Where s(;6) represents integrand that is integrated over the interval [0,t] 174
From the hypotheses it follows

|(G1)® — (Glg)(z)|e—(ﬁ16)<2)t < 175
o (@) + (@)@ + (Ai)® +
(Pi)® (k1)@)d (((G10)D, (T10) Vs (G10)@, (T10)@))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows 176

Remark 1: The fact that we supposed (als)® and (b)5)® depending also on t can be 177
considered as not conformal with the reality, however we have put this hypothesis ,in order
that we can postulate condition necessary to prove the uniqueness of the solution bounded by

(Pre)@e(MePt and (Q,,)@e(M10®t respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a
compact then it suffices to consider that (a/)® and (b;)®,i = 16,17,18 depend only on T,
and respectively on (G;9)(and noton t) and hypothesis can replaced by a usual Lipschitz
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condition.
Remark 2: There does not exist any t where G; (t) =0and T, (t) =0

From GLOBAL EQUTIONS it results

G (©) = GOl @ P=@"P(T1r(sue)sae)dsas] > g

T, () > TP > 0 fort>0

Definition of ((M,¢)®) , ((My)®), and ((M;6)®), :

Remark 3: if G;4 is bounded, the same property have also G;, and G, . indeed if

dGy;
dt

Gy < (M;)@ it follows < ((M16)®), = (a1,)® Gy, and by integrating

Gy7 < ((mlﬁ)(Z))z = Gi; + 2(‘117)(2)((ﬂ16)(2))1/(a17)(2)

In the same way , one can obtain

Gig =< ((mlﬁ)(Z))3 = Gig + 2(‘118)(2)((ﬂ16)(2))2/(a18)(2)

If G, or G,5 is bounded, the same property follows for G;¢, G;5 and G;¢, G;, respectively.

Remark 4: If G, is bounded, from below, the same property holds for G,; and G,5. The proof
is analogous with the preceding one. An analogous property is true if G;,is bounded from
below.

Remark 5: If T, is bounded from below and lim_., ((b;)® ((G15)(),t)) = (b;,)@ then

Ty; — oo.

Definition of (m)® ande, :

Indeed let t, be so thatfort >t,

(b17)® = (b P ((G19) (D, 1) < £, Ty () > ()P

Then T2 > (a;,)@(m)@ — e, T, which leads to

@ (1)@
T, = (%) (1 —e™52%) + T e 52t If we take t such that e~%2t = 2 it results
2
@ ()@
Ty, = (w) t = logsi By taking now ¢, sufficiently small one sees that T, is
2

unbounded. The same property holds for Tyg if lim;_, (bi5)® ((G10) (1), t) = (bi1g)®
We now state a more precise theorem about the behaviors at infinity of the solutions

@® _wp®

It is now sufficient to take — ,— <1 and to choose
(M20)®) "’ (M30)®

(P, )® and (Q,,)® large to have

((f’zo)(”w?)
@ | _ - _
G0 ()@ + ((Pyo)® +GP)e i < (Py)®

(M30)®

178

179

180

181

182

183

184

185
186

187
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(Q20 )(3)+T?

(1(:;);(;) l(( on )( ) + To)e ( T? ) + (on )(3) < (@20 )(3)

In order that the operator A® transforms the space of sextuples of functions G;,T; into itself

The operator A® is a contraction with respect to the metric
d (((622), (Ty)®), ((6:0)®, (Ty)®) ) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’2°)(3)t,max |Ti(1)(t) - Ti(z)(t)|e‘(ﬁ2°)(3)t}
i tER4 tER4

Indeed if we denote

Definition of G55, 5 :( (G23), (Tz5) ) = AP ((G23), (T23))

It results
|65 — G| < [1(az0)® |GY ~ 6D)e= 2020 (Moo V520 g5 ) +
f {(a 20)(3)|G(1) GZ((Z))|e_(AA/IZO)(S)S(ZO)e_("A’IZO)(S)S(ZO) +

a 10 3) (Tz(il)' 5(20))|Gz(é) G(2)|e—(M20)( )S(ZO)E(MZO)( )5(20) +

7 — ()3 =7 \(3)
G52 1@5) P (T, 560) = @)D (TS, s@n)| 6”200 e (Ma0Psanids g,
Where s, represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows

|6 — G@|e=(120P <
1 , ~
W((azo)@ + (a50)® + (A20)® +
(Po0)® (k20)®)d (((G22)®, (To)®; (G35)@, (T2)@) )

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (aj,)® and (b5,)® depending also on t can be
considered as not conformal with the reality, however we have put this hypothesis ,in order
that we can postulate condition necessary to prove the uniqueness of the solution bounded by

(Pr0)@e ™20t and (0,0)®e(M20Pt ragpectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a
compact then it suffices to consider that (a/)® and (b/)®,i = 20,21,22 depend only on T,
and respectively on (G,;)(and not on t) and hypothesis can replaced by a usual Lipschitz
condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) =0
From 19 to 24 it results

G, (t) > GO [ fo{(a )@ —(a;) 3 (T21(520), 5(20))}‘15(20)] >0

188

189
190

191

192

193

194

195
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T; (t) = Tioe(_(bl!)@)t) >0 fort>0
Definition of ((M,0)®),, ((M,0)®), and ((M)®), : 196
Remark 3: if G,, is bounded, the same property have also G,; and G,, . indeed if

Gyo < (Myo)® it follows % < (My0)®), = (a31)® Gy, and by integrating

Gy < ((’1\7120)(3))2 = G3 + 2(“21)(3)((7\7[20)(3))1/(‘1'21)(3)

In the same way , one can obtain

Gy < ((/Mzo)(3))3 = G3, + 2(“22)(3)((7\7[20)(3))2/(‘1'22)(3)

If G,, or G,, is bounded, the same property follows for G,,, G,, and G,,, G, respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,, and G,,. The 197
proof is analogous with the preceding one. An analogous property is true if G, is bounded from
below.

Remark 5: If T,, is bounded from below and lim,_., ((b;")® ((G,3)(t),t)) = (b3,)® then 198

T3, = co.

Definition of (m)® and ¢; :

199
Indeed let t; be so that for t > t4
(b20)® = (B )P ((G23)(1), t) < £3, T (£) > (M)®
Then d:% > (ay,)® (mM)® — &,T,, which leads to 200
Ty = (M) (1 —e~%3t) + T e %3t If we take t such that e~%3t = % it results
Ty, = (—(a21)(32)(m)(3)), t= logi By taking now &, sufficiently small one sees that T,; is
unbounded. The same property holds for T,, if lim,_ (b35)® ((Go3) (), t) = (b32)®
We now state a more precise theorem about the behaviors at infinity of the solutions of
equations 37 to 42
201
Behavior of the solutions 202
Theorem 2: If we denote and define
Definition of (0,)™, (62)™, (1)), ()™ :
@) oD@, ()W, ()W, (1) four constants satisfying
—(0)® < —(a13)® + (@1)® = (@5) P (T1a, 1) + (@)D (T14, 1) < —(a)®
~(@)® < =)@ + (b1 = GNP G, ) ~ BINDG, D) < ~(T)D
203

Definition of (v,)®, (v,)@, (u)®, (up)®,v®,u® :

(b) By (vp)® >0, (v,)® < 0 and respectively (u;)® >0, (u,)® < 0 the roots of the
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equations (a,)P(v®)” + (6,)Dv® — (@)@ = 0 and (by,)® (u®)” + (1,)Du® —
(b13)(1) =0
Definition of (v,)@,, (7,)®, (1))@, (1)@ : 204

By (v))® >0, ([#,)® < 0 and respectively (&i,)® >0, (ii,)™ < 0 the roots of the
equathﬂS (a14)(1)(1/(1))2 + (02)(1)V(1) - (a13)(1) = O and (b14)(1)(u(1))2 + (Tz)(l)u(l) -
(b13)M =0

Definition of (m,)®, (m,)®, (u)®, ()P, (vo)® :- 205
(c) If we define (m)®, (m)®, (u)@, (u)™ by
(mz)(l) = (Vo)(l)' (m1)(1) = (V1)(1)' if (Vo)(l) < (V1)(1)

(m)® = (v)®, (m)® = @D, if ()P < ()P < (T,

and |(v))® =2
14

(mz)(l) = (Vl)(l)' (ml)(l) = (Vo)(l)r if (171)(1) < (Vo)(l)
and analogously 206
U2)® = )™, (u)® = W), if we)® < (u)™

E® = @)@, )P = @D, if @) < (w)® < @, 207

0
and|(u)® =
14

()™ = W)®, (1) = ()@, if @)D < (ue)™ where (uy)®, ()™
are defined
Then the solution satisfies the inequalities 208

Ge(EV-e ) < 6, (1) < (e

where (p,))® is defined

@
e((sl)(l) 1)) < Gp4(0) < (1) G13e(51)(1)t

((ml)(l)((sl()tzi)sz((jfj;(l)_(52)(1)) [e((sl)(l)_(p13)(1))t — e ] +6i5e" DVt < Gy (1) < 209
(m2><1>((a(z§i2(_%’15)<1>)[ Wt =@19Vt] 4 G e~(@15Mty

T103e(R1)(1)t < Tys(t) < Tloge((Rl)(1)+(r13)(1))t 210
(k1 )<1> Tise 211
(u1)(1)EI(J;:;EB?();{S)(“) [e(Rl)(l)t B e_(b£5)(1)t] + TlOSe_(b{S)(i)t <Tis() < 212
(#2)<1)((ngl:f)?iz:%n+(R2)(1)) [e((Rl)(1)+(T13)(1))t _ e_(RZ)(I)t] n T105€_(R2)(1)t
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Definition of (5,)™", (5,)™, (R)™, (R)™):-
Where (5™ = (a13)® (my)™ — (a1)®
()™ = (a15)P = (1)
(R)® = (b13) P ()@ — (b15)™

(Rz)(l) = (bis)(l) - (7”15)(1)

Behavior of the solutions

If we denote and define
Definition of (¢,)?,(5,)?@, (1))@, (1)@ :
(d) 6)P,(0,)P, (t)?P, (r,)® four constants satisfying
—(0)® < —(a16)® + (@1)P — (a1) P (Ty7, t) + (@17) P (T, t) < —(07)®
—(12)@ < =(bie)® + (bi)® = (bi6) P ((G1), t) = (bi7)P((G10), t) < —(1))P
Definition of (v,)®, (v,)®, (u))®, (u,)® :
By (v,)® >0,(v,)® < 0 and respectively (u;)® >0, (u,)® < 0 the roots
(e) of the equations (a;,)®(v®)” + (6,)@v® — (a, )@ =0
and (by)®u?)” + (1) Pu® — (b;)@ = 0 and
Definition of (7,)®,,([#,)®, (1,)®, (1)@ :
By (1,))® >0, (¥,)® < 0 and respectively (7i,)® >0, (@,)® < 0 the
roots of the equations (a17)(2)(v(2))2 + (0,)Pv® — (a,6)® =0
and (by,))®u@)” + (1,)Pu® — (b;)@ = 0
Definition of (m,)®,(m,)?, (1)@, ()@ :-
(f) If we define (m)@, (m,)@, (1)@, (1)@ by
(m)® = ()@, ()Y@ = W)@, if V)® < (v))®

(mz)(z) = (V1)(2)' (m1)(2) = (171)(2) Jif (Vl)(Z) < (Vo)(z) < (171)(2)'

0
Gis
0
G17

and |(vy)® =

(mz)(z) = (Vl)(Z)' (ml)(Z) = (Vo)(z): if (171)(2) < (Vo)(z)
and analogously

(#2)(2) = (uo)(z)’ (lll)(z) = (ul)(Z)' if (uo)(z) < (u1)(2)

213

214
215

216

217
218
219
220

221
222

223
224

225
226

227
228
229
230

231

232
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W)@ = W)@, (u)® = @)? ,if (W)@ < (we)® < (@)@,

0
and|(u)® = %
17

(12)® = @)@, W)@ = W)@, if @) < (u)®

Then the solution satisfies the inequalities
62ee(EVP =010 < G (1) < GleeVP

(p)® is defined

1 0 (5 YD _(p. )@ 1 0 ()@
@ GGV TP < G () < o GRS
(@19)® 66 [ (P -p1e)P)t —(52)(2)t] 0 o=(5)@t
— < <
((m1)<2>((s1)<2>—(p16)<2>—(52)<2>) ¢ ¢ + Gige < Ga(t) <
(a18) P66

$.\@ —(a @ 0 —(a' @
m2)@ (P -(ale)®) [ — T 4 Glgem (el

T8, < T, (1) < The(®0 @010 )t |

T, e(RDP+(1)@)e

1 @ 1
— o Tee®VTE < Tyg(t) < @ 1

(u)®@

(bls)(z)Tge
)P (R)NP-(b15)?@)

[e(Rl)(z)f - e_(bis)mt] + Tfse_(bis)mt < Tig(t) <

(a18) P16 (R)P+(r16)@t _ —(Rz)(z)t] 0 —(Ry)@t
B2 P(R)@+(r10) P+ R)@) [ ¢ + Tige

Definition of (S,)®, (5,)®, (R))®, (R,)@:-

Where (5,)@ = (a,5)® (my)®@ — (a)e)@
($2)® = (a18)® = (p1s)?

(R)® = (b16) P ()™ = (b16)®

(Rz)(z) = (bis)(z) - (7'18)(2)

Behavior of the solutions

_If we denote and define

Definition of (5,)®,(0,)®,(1)®, (t,)® :

@) 0))®,(0,)®, (1P, (1,)® four constants satisfying

—(02)® < —=(a30)® + (a3)® = (a0) @ (T21, ) + (a5) P (T, t) < ()@
—(1)® < =(b30)® + (b3)® = (b5) P (G, 1) = (b)) P ((Ga3), 1) < = ()@
Definition of (v,)®, (v,)®, (u)®, (u,)® :

(b) By (v))® >0,(v,)® < 0 and respectively (u)® > 0, (u,)® < 0 the roots of
equations (a,))®(v®)” + (6)Pv® — (a,0)® = 0

234

235

236
237

238

239
240

241

242

243

244

245

246
247

248

the

WWWw.ijsrp.org

41



International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012 42
ISSN 2250-3153

and (b)) (u®)” + (1,)@u® — (b,0)® = 0 and
By (1)® >0, (#,)® < 0 and respectively (i,)® >0, (1,)® < 0 the
roots of the equations (a,,)® (1/(3))2 + (0,)Pv® — (a,)® =0
and (b,1)® (u®)” + (1,)Pu® — (b,)® = 0
Definition of (m,)®,(m,)®, (u)®, (uy)® :- 249
(c) If we define (m)® , (my)®, (u))®, (u,)® by
(mz)(3) = (Vo)m' (m1)(3) = (V1)(3)' if (Vo)(3) < (V1)(3)

(mx)® = (1)@, (m)® = TP, if W)@ < ()P < @)@,

0
and |(vo)® =22
21

(mz)(3) = (Vl)(S)' (ml)(S) = (Vo)(3)r if (‘71)(3) < (Vo)(s)
and analogously 250

(Hz)(3) = (uo)(s)’ (#1)(3) = (ul)(3): if (Uo)(g) < (ul)(S)

_ , _ T
E)® = @)@, @)@ = @@, if @)@ < @)® < @), and|@w)® =2

(1)@ = W)®, 1)@ = W)@, if @) < (ue)®

251
Then the solution satisfies the inequalities
G0V ®20D) < Gy (1) < G9peVt
(p)® is defined
G)_(p, )3 ©)
ﬁazo eGP -@207)t < 6, () < (3) G eVt 252
(a22)®69 B _(p, ) —(5,)® _(s,)® 253
((ml)(3)((51)(§)2—(p202)0(3)—(52)(3)) [e((51) o — g0 t] + GRe™ T < Gy (1) <
(22263 @) IPANG) AN
(mz)(3)((.Zs‘j)(3)—2((¢)1£2)(3))[ ¥t _ g—(az2) t] + nge (azz) t)
Tgye B < Ty (£) < Tghe (B0 P+ 20t 254
( )(3) THhe®Dt < Ty (6) SH® (3) Tope (R ® 4020 D)t 255
{75
(3)70
(u )(3)EI(J;Z;(3)T2((;J’ E)) [e(Rl)mt B e_(b£2)(3)t] + T202€_(b£2)(3)t STyt < 256
1 1 —Wa22
(a22) P15, R)®+(r0) Nt —(Ry)®t 0 ,—(R)®t
(12) P ((R) B +(r20) B +(Rp) ) [e(( DT — el ]+T22€ ("2
Definition of (5,)®, (5,)®, (R))®, (R,)®:- 257

Where (5))® = (az0)® (m)® — (a30)®

(52)(3) = (‘122)(3) - (Pzz)m
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(R)® = (by0)® (1)@ — (b30)®
(R)® = (03)® — (12)®

258
FROM GLOBAL EQUATIONS WE OBTAIN: 259

d (1) ! ! n n
:;t = (‘113)(1) - ((a13)(1) - (a14)(1) + (a13)(1) (T4, t)) — (a4 (1)(7114, t)V(l) - (a14)(1)v(1)

Definition of v :- v® = %
14

It follows

2 av® 2
~ (@ (D) + (@) Dv® = (0)P) < L= < = (@)D (D)" + (G DV — (a13)@)

From which one obtains

Definition of ()W, (vy)® :-

G _
(a) For 0 <|(v)™ = 7 < (v)® < (1)@

D46y ) W[~ @1 PP~ V) ]

® (V1
v >
0= 1+(0)Wel@ (DM - )] '

wyg_@@mﬂww)

W)W -)®

it follows (vo)™® < v () < (v)®
260

In the same manner , we get

@)D 40D @y el @D (EDD -2 D) 1]
1+(€)(1)e[‘(“14)(1)((71)(1)‘(72)(1)) t !

V(1) < (O = D00

T o) W-@)W

From which we deduce (vy)® <v®(t) < (#,)®

(b) If 0 < (v)® < (v)® = z—%‘ < (1,)® we find like in the previous case, 261
14

)W) D vy el @D (D=2 W) ]

(€]
V. <
) < 1+(C)(1)e[—(a14)(1)((Vl)(l)—(vz)(l)) t]

< v <

@)D+ (OD @y el @D (@D -2 M) ]
14(@Wel~ @D D- D) ]

< (@)W

© If 0< W)V < @)Y <) = z—%‘ , We obtain 262

14
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@D 4OD @y Wel @O (EDM-2D) ]
14O @@ (EDD-m)D) ]

(v)® < v®() < < ()W

And so with the notation of the first part of condition (c) , we have

Definition of vV (t) :-

m)® < vO(@) < (m)®, v () = 229
G14(t)

In a completely analogous way, we obtain

Definition of u®(¢t) :-

T1a(t)
)P < u®@®) < (@)@, |[uP@) =21
T14(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in
the theorem.

Particular case :

If (a}5)® = (a},)D, then (6,)® = (0,)P and in this case (v;)® = (#,)@ if in addition
vo)® = (v)D then vV (t) = (v,)® and as a consequence G,5(t) = (vo) PG, (t) this also
defines (v,)™® for the special case

Analogously if (bi5)® = (bi)D, then (1) = (r,)® and then

(u)® = (@) Pif in addition (ue)® = (u;)® then Ty5(t) = (uy) P Ty, (t) This is an important
consequence of the relation between (v;)® and (,)@, and definition of (u,)®.

263
: From GLOBAL EQUATIONS we obtain 264
d (Z) ! ! 1 1
Zt = (a6)? - ((‘116)(2) — (a1)@ + (aie) P (Tyy, t)) — (@) P (Ty7, Ov® — (ay7)Pv®
Definition of v® :- v® = % 265
17
It follows 266
2 dv® 2
~ (@@ (V)" + (0)Pv® = (a;)?) < Z= < = ((@NP (V)" + (0)Pv® - (a;0)@)
From which one obtains 267
Definition of (v,)®, (v,)® :-
GY _
(d) For 0 < (v))® = G_éj < ()@ < @)®
V(Z)(t) > (vl)(Z)+(C)(2)(vz)(z)e[—(a17)(2)((1/1)(2)—(1/0)(2)) ] (C)(Z) _ M
T i@l @@ (en@-00) ’ ) @D-)@
it follows (vy)® < v®@(t) < (v)@®
In the same manner , we get 268
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@1)(2)+@(z)@2)(2)e[—(au)(”((vl)m—(m(”) ]
1+(C)(2)e['(‘117)(2)((vl)m‘@)(z)) ] !

@) _ P -we®@
O = @@

v@ () <

From which we deduce (v)® <v@®(t) < (v,)®

0
() If 0<(W)® < ()@ = % < (1)@ we find like in the previous case,

17
)P +(0)@ (vy) @l @D (DP-02)?) o]

@ <
() < (O @@ P (@@= @) ]

< v®@) <

TP+ @) @el-@P(FDP-2?) ]
1+(©)@el @@ (FD@ -T2 @) ]

< ()@

(M) If 0< ()@ < ()P < (1)@ =Se | we obtain
17

(vl)(z)+@(z)(72)(2)9[—(au)(”((vl)(z)—o—/z)(z)) t]
1+(©)@e [—(a17)(2) (1@ -@2)@) t]

)@ < v®() < < ()@

And so with the notation of the first part of condition (c) , we have

Definition of v®)(t) :-

G16(t)
(m)@ < v@ () < (m)?@, v (@) ==
G17(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

T16(t)
(#2)(2) < u®() < (H1)(2)r u@(t) = Tls(t)
17

Now, using this result and replacing it in CONCATENATED GLOBAL EQUATIONS we get easily
the result stated in the theorem.

Particular case :

If (/)@ = (a},)®, then (6,)® = (0,)® and in this case (v;)® = (#,)® if in addition
(vo)® = (v))® then v®(t) = (v,)® and as a consequence G;4(t) = (vo) PGy, (t)

Analogously if (bj5)® = (b;,)®, then (t,)® = (1,)® and then

(u))@® = (@) @if in addition (uy)® = (u;)® then Ti4(t) = (uy)@Ty,(t) This is an important
consequence of the relation between (v;)® and (v,)®

FROM GLOBAL EQUATIONS WE OBTAIN:

av® , , ., ;
= (@200 — ((@50)® = (@)@ + (@)D (T1, 1)) = (65 (Toy, VD = (1) v
Definition of v® :- y®) = G20

G21

269
270

271

272

273

274
275

276

277

278

279
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It follows

2 av® 2
~ (@)@ (®) + (0O = (4;0)®) < 2= < = (@)D (VD) + @)V = (a;0)@)

280
From which one obtains

G3 _
(@) For 0 < (v)® = Gig(l) < ()@ < (7))@

)P+ P () Pel @D (DD -0 @) ]

_ vD)®-®
1+(C)(3)e[‘(“21)(3)(("1)(3)‘("0)(3)) { '

®
e = ~ 00®-09)®

(©F

it follows (v))® < v®(t) < (v,)®

In the same manner , we get 281

)(3)+(5)(3)(72)(3)e[—(a21)(3)((31)(3)—(172)(3)) t]

©) 01
1% t) <
Ry EoN D RO '

~3) _ - ®
O = ) ®-m)®

Definition of (v,)® :-

From which we deduce (v,)® <v®(t) < (v,)®

(b) If 0< (v)® < (vy)® = g—%’ < (7,)® we find like in the previous case, 282
21

(vl)(3)+(C)(3) (Vz)(3)e [—(az1)(3)((1’1)(3)—(1’2)(3)) f]
1+(C)(3)e[—(az1)(3)((Vl)(3)—(vz)(3)) ¢]

(v)® < < v <

(71)(3).,_(@(3) (Vz)(3)e [—(a21)(3)((71)(3) —(Vz)(g‘)) f]
1+(0)® el @D@(FD®-2P) ]

< (@)@

283

© If 0<@)®<@)® < ()@ = g—%’ , We obtain 284
21

@)D+ @)Dl @@ (EDP-2))
140 @ el @@ (EDE - @) ]

v)® < vO®(p) < < (v)®

And so with the notation of the first part of condition (c) , we have

Definition of v®(t) :-

Gao(t)
(m)® < v (®) < (m)®, | v () =25
G21(1)

In a completely analogous way, we obtain

Definition of u®(¢t) :-

To0(t)
1)® < w0 < (W)@, |u®©) =2
21

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated
in the theorem.
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Particular case :

If (ayy)® = (a3,)®, then (6,)® = (6,)® and in this case (v;)® = (¥,)® if in addition
(vo)® = (v))® then v®(t) = (v,)® and as a consequence G,,(t) = (vo)® G, (1)

Analogously if (by)® = (b3)®, then (1,)® = (1,)® and then

u)® = (@) Pif in addition (ue)® = (u;)® then Tyo(t) = (ue) P Ty, (t) This is an important

consequence of the relation between (v;)® and (,)®

We can prove the following

Theorem 3: If (a/)Pand (b;)V are independent on t , and the conditions
(a13)P(a1)™® = (a3)P(a)® <0

(@i) P (i) ® = (a13) P (a1)® + (a13) P (P13)® + (@1) P @12)® + @13) P (P1)P >0
(bi) P bi)® = (1) P ()P >0,

(i) P (b1 = (b1) P (1) P = (b13) P (1) P = (1) P (1) ® + (r13) P ()™ < 0
with (p13)®, (r.,)@ as defined by equation 25 are satisfied , then the system

If (a})®Pand (b!")® are independent on t , and the conditions

(ai)@(ai)® = (a16)@(a;)® < 0

(a£6)(2)(a£7)(2) - (‘116)(2)(‘117)(2) + (a16)(2) (p16)(2) + (a17)(2)(p17)(2) + (Ple)(z) (P17)(2) >0
(b16) @ (b17)® — (1)@ (b1,)® > 0,

(b16) P (b17)® = (b16) P (b17)® — (b1e) P (r17)® = (b1) P (r17)® + (1e) P (1)@ < 0
with (p16)@, (1,)@ as defined are satisfied , then the system

If (a})®and (b/")® are independent on ¢t , and the conditions

(a%0)® (a51)® — (az0)® (az)® < 0

(a30)P (@30 = (a20)P (3210 + (a20)® (P20)® + (25)® P21)® + (P20)® (P21)® > 0
(b30)® (031)® = (b20) P ()@ >0,

(b30)® (031)® = (b20) @ (521)® = (b30)® (121)® = (3) P (11)® + (r20) P (1)@ < 0
with (py0)®, (1)@ as defined are satisfied , then the system

0

(a13) PG4 — [(a13)® + (af3) P (T14)] G613
(a12) VG5 = [(@1)® + (@) P (T1)]G1y = 0
(a15) P61y = [(@15)™ + (af5) P (T14)]Gis = 0
(b13) DTy = [(b1)® = (b13)P(G) ITys = 0

(b14)(1)T13 - [(b{zx)(l) - (bﬁt)(l)(G) 1Tia= 0

285
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288
289
290
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292

293

294

295
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(b15) P Tuy = [(b15) ™ = (b15)P(G) 1Ty5 = 0

has a unique positive solution , which is an equilibrium solution for the system
(a16)@G17 = [(@16)@ + (af6) P (T17)]|G16 = 0

(@17) P66 = [(@1)P + (@)P(T1)]Gr7 = 0

(a18)@G17 = [(@19)® + (af5) P (T17)]|Gig = 0

(bm)(z)Tn - [(bis)(z) - (bile)(z)(Gw) ITie=0

(b17)(2)T16 - [(b17)(2) - (b{’7)(2)(G19) ITi;=0

(b18)(2)T17 - [(bis)(z) — (b1s (2)(619) ITig =0

has a unique positive solution , which is an equilibrium solution for

(azo)(S)Gm - [(alzo)(S) + (ag’o)B)(Tm)]Gzo =0

(a21)® Gy — [(a’21)(3) + (a§'1)(3)(T21)]Gz1 =0

(a22)® 621 — [(@h)® + (@) (T21)]G22 = 0
(bzo)(3)T21 - [(béo)m - (bé'o)(s)(st) IT50=0
(bz1)(3)T20 - [(b§1)(3) - (b£’1)(3)(623) 1T,y =0
(bzz)(3)T21 - [(béz)(3) - (bélz)(S)(st) [T, =0
has a unique positive solution , which is an equilibrium solution for

Proof:

(a) Indeed the first two equations have a nontrivial solution G,3, G, if

F(T) = (ais)(l) (a£4)(1) - (a13)(1) (a14)(1) + (a13)(1) (aﬂ)(l) (T1q) + (‘114)(1) (‘11’3)(1) (Tya) +

(ails)(l) (T1a)(ats) @ (T14) =0

(a) Indeed the first two equations have a nontrivial solution G4, G, if

F(T,9) = (ais)(z) (a£7)(2) - (‘116)(2) (a17)(2) + (aie)(z) (a;’7)(2)(T17) + (a£7)(2)(a£’6)(2) (Ty7) +

(ails)(z) (T17)(ai7) @ (T1;) =0

(a) Indeed the first two equations have a nontrivial solution G,q, G, if

F(Ty3) = (aéo)(s)(aéi)(s) - (azo)(s)(au)(s) + (alzo)(3)(aé’1)(3)(T21) + (aél)B)(aé’o)B)(Tn) +

(alzlo)m (T21)(aé’1)(3)(T21) =0

Definition and uniqueness of T/, :-

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a,")(T,,) being increasing, it follows

297
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that there exists a unique Ty, for which f(T},) = 0. With this value , we obtain from the
three first equations

_ (a15) DGy
[(a15)D+(a)s)D(1],)]

_ (a13) DGy
(@) P+@iD ()]

GIS GlS

Definition and uniqueness of T}, :-

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a,")®(T;,) being increasing, it follows
that there exists a unique T;, for which f(T;) = 0. With this value , we obtain from the
three first equations

_ (a18)®Gy,
[(aig)@+(aly)P(T1,)]

_ (a16)@Gy7
(a1 P+@i)@(T1,)] !

616 G18

Definition and uniqueness of T, :-

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a,)®(T,,) being increasing, it follows
that there exists a unique T;; for which f(T;;) = 0. With this value , we obtain from the
three first equations

(222624

(a20)®6y1 —
[(a52)®+(a)®(754)]

T [@0®P+@®m)]

GZO GZZ

(b) By the same argument, the equations (SOLUTIONAL) admit solutions G5, G,, if
p(G) = (bis)(l)(bh)(l) - (b13)(1)(b14)(1) -
[(b13) P (b)) P (G) + (b1) P (b15) P (6)]+(b15) P (G) (b)) P (6) = 0

Where in G(G3, G4, G15), G13, G1s must be replaced by their values. It is easy to see that ¢ is a
decreasing function in G,, taking into account the hypothesis ¢(0) > 0, () < 0 it follows
that there exists a unique G;, such that ¢(G*) =0

(c) By the same argument, the equations (SOLUTIONAL) admit solutions Gy, G, if
@(Gyo) = (bie)(z)(bb)(z) - (b16)(2)(b17)(2) -
[(b16)® (b17) P (G1o) + (b17) P (b15) P (G19)]+(b16) P (G10) (1) P (G19) = 0

Where in (G15)(G14, G17,G1g), G16, G1g Must be replaced by their values. It is easy to see that ¢
is a decreasing function in G, taking into account the hypothesis ¢(0) > 0,¢p(») <0 it
follows that there exists a unique G;, such that ¢((G9)*) =0

(d) By the same argument, the equations(SOLUTIONAL) admit solutions G, G, if
@0(Gy3) = (béo)(”(bél)(” - (bzo)(3)(b21)(3) -
[(030)® (b51) P (G23) + (03P (56) P (G23) |+(b30) P (G23) (b51) P (G3) = 0

Where in G,3(G,q, G241, Go2), G2o, G2, Must be replaced by their values from 96. It is easy to see
that ¢ is a decreasing function in G,, taking into account the hypothesis ¢(0) > 0, ¢(») <0
it follows that there exists a unique G, such that ¢((G,3)*) =0

Finally we obtain the unique solution

Gi, given by ¢(G*) = 0, T}, given by f(T;,) = 0 and
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G = (@101, Gl = (a15) V61,
B 7 @1 W+@fn®(r1,)] 1 T T (a1 W+(ain) D(11,)]
Ti, = (b13) V17, Tr = (b15) V17,

T el ®-piH®6n] (1) D= (b1 D (6")]

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution 325

Gi, given by @((G14)*) = 0, T}, given by f(Ty,) = 0 and 326

G = (a16)®G1y G = (a18)®G1, 327
10 [@@+@i)@(11,)] 1 T T (@l @+@pP(T1,)]

T = (b16) DT}, T* = (b19) DT, 328
16 7 [0l )@-0/0@(6G190] 1 T [P -0 @ (619)7)]

Obviously, these values represent an equilibrium solution 329
Finally we obtain the unique solution 330
G341 given by ¢((G23)") = 0, T3, given by f(T3;) = 0 and
Gr = (az0)®63, G, = (az2)®63,

207 (@)@ +@i)@(r5,)] 1 TP [(@h) @+ P(13)]
- (b20) T3, - (b22)PT5;
207 030®-0:)P6230] T T 05 - 03P (6237)]
Obviously, these values represent an equilibrium solution
ASYMPTOTIC STABILITY ANALYSIS 331
Theorem 4: If the conditions of the previous theorem are satisfied and if the functions 332

(a)® and (b)Y Belong to CY(R,) then the above equilibrium point is asymptotically

stable.
Proof:_Denote

Definition of G;, T; :-

G1=G:+Gl ITi=Ti*+Ti
3@y oy _ 1 awHM o _
ﬁ(’rm) = () al—c]( G") = sjj

Then taking into account equations (GLOBAL)and neglecting the terms of power 2, we obtain 333

% = —((a£3)(1) + (p13)(1))((}13 + (a13)(1)G14 - (Q13)(1)GT3T14
% = —((a£4)(1) + (p14)(1))((}14 + (a14)(1)G13 - (Q14)(1)GT4T14
% = _((ais)(l) + (015)P)Gys + (a15) PGy — (q15) P G1s Ty
T8 = (1)@ = () D)z + i) DT + T}215(502)() T13G))

334
335
336

337
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dT

—H= ((b14)(1) - (714)(1))T14 + (b)) OTy5 + Z, 1:43(5(14)(1)7114(GI )
daT , X

d;S = _((bls)(l) - (7'15)(1))T15 + (bls)(l)T14 + Z,l'i13(5(15)(j)Tlst)

If the conditions of the previous theorem are satisfied and if the functions (a})® and (b})®
Belong to C®( R,) then the above equilibrium point is asymptotically stable

_Denote
Definition of G;, T; :-
GLZG:‘F(Gl ,TiZTi*‘l'Ti

a(b )( )

0(a17) (Ty) = (CI17)(2) y ——((Ge)") = Sij

taking into account equations(GLOBAL) and neglecting the terms of power 2, we obtain

Tt = —((a19)@ + P16) )G + (@16) P Gry = (416) PG Try
T = (@@ + 1) P)Gy7 + (017)PGg = (017D Gy Ty
T2 = (@)@ + @19)®)G1s + (@19)DG1y ~ (016)PGia Ty
dTlG = —((b1e) @ — (116)P) Ty + (b1s) DTy, + 2}316(5(16)(f)TfGGf)
dT,;

T _((bb)(z) - (717)(2))T17 + (b17)(2)T16 + 2}516(5(17)(j)Tf7Gj)

dT
dls = ((b18)(2) - (T1s)(2))T18 + (b1g)@Ty, + Z; 16(5(18)(1)T18G )

If the conditions of the previous theorem are satisfied and if the functions (a;')® and (b;")®
Belong to ¢®( R,) then the above equilibrium point is asymptotically sta

_Denote
Definition of G,;, T; :-
G1=G:+Gl ITi=Ti*+Ti

6(a21>< ) a(b )

(T3,) = (CI21)(3) ’ ((623) )= Sij

Then taking into account equations (GLOBAL AND CONCATENATED) and neglecting the terms
of power 2, we obtain

% = _((aéo)(s) + (on)(3))Gzo + (a20)® Gy — (20)FG30Toy
T = (@)@ + 2 P)Ga1 + (a20) P G0 — (420 P65, Ty
d(jzz = ((azz)(g) + (Pzz)(3))Gzz + (azz)(s)Gm - (qZZ)( G3,Tyy
T2 = —((b30)® = (120) @) Tag + (b20) DT + X 50(50)) T50Gy)
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dT , "
d_:l = _((b21)(3) - (Tz1)(3))T21 + (b21)(3)T20 + Z?izo(s(m)(j)Tqu) 358
dT , "
722 = _((bzz)(s) - (rzz)(3))T22 + (bzz)(B)Tm + Z?izo(s(zz)(j)Tzsz) 359
The characteristic equation of this system is 360

(DD + i) = EDH(DD + (@) + (pis)®)

(WD + @)D + (1))@ D61, + (@) V(@) V655 )|

(DD + 1D = (1)) s a0 Tia +Bra) V52,00 Tis)

+ (W + @D + P D) (@012) D655 + (a1) P (1) V65, )

(DD + Bi)D = (10D )s a0 s + bra) Dsan anTia)

(D) + (@)@ + (@)@ + (1) + (1) P) WD)

(WD) + (b1 + Bi)D = (1) + (D) WD)

+ (WD) + (@)D + (@)@ + @)D + P D) WD) (415) VGs
(DD + (@)D + ©:)D) (@)D (1) V6 + (@)D (15D (41 V655)
(DD + Bi® = (1D )s 4,09 i +b1a) Vsan asTis )} = 0

+

(D + (b1)® = (i) )(DP + (@19 + (1))

(WP + (@) + B10)P) (@) PG, + (a17)P(016) PGl )]

((OP + Bi)@ = (100 )sar,anTir +b1)PsaeanTir)

+ (W + @)@ + 0:17)P) (1) P Gi6 + (016)P (q17) PG )

(W@ + B1® = () )san,ae T + B17)Psae aeTis)

(WD) + (@)@ + @)@ + (1)@ + (17)?) WD)

(D) + (B1e)@ + GNP = (1)@ + (13,)P) (DHP)

+ (D) + (@)@ + (@DP + P1)? + P1)P) DP) (415)PGrg
+H(DP + (@)@ + 0160P) (@) (1) D617 + (a17) P (a16) P (q26) DG )

(((A)(z) + (bie)(z) - (T16)(2))5(17),(18)Tf7 +(b17)(2)s(16),(18)T1*6)} =0

+
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(DP + G5 = DD + (@)D + (p2)®)

(DS + (@)@ + P20)®) (@2)P 631 + (420D (020)P650 )|

(DD + B3P = (20)P)sen,enTs +b2)Pseo,enT5)

+ (DD + (@) + B21)®) (@20) PG50 + (220)P (421) V631 )

(((/1)(3) + (050)® = (120)®)s 21,200 T2 + (b21)(3)5(20).(20)T2*0)

(D) + (@)@ + @)@ + @00 + P2)P) D)

(W) + (2@ + B3P = ()P + (2:)®) WD)

+ (WD) + (@)@ + (@)D + P20)® + 02)P) DD) (422) D6
+H(DD + (@)@ + (20)P) ((@2)P (@20 D651 + (220D (022) P (420)P G50)

(((/1)(3) + (béo)(3) - (Tzo)(3))5(21),(22)T2*1 +(b21)(3)5(20),(22)T2*0)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real
part, and this proves the theorem.
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