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Abstract 

Dynamic stability and dynamic buckling loads of elastic structures have gained numerous interest in recent research. It is because 

of its wide area of application in many fields of engineering such as civil engineering, architectural engineering and nuclear power 

plant engineering. Dynamic buckling load of a geometrically imperfect column lying on a nonlinear elastic foundation trapped by 

a time dependent load is discussed here. Regular perturbation method and asymptotic expansions are applied to solve the 

differential equation. The effect of damping and geometric imperfections on the dynamic buckling load at different modes are x-

rayed. The result shows that increase in geometric imperfections decreases the dynamic buckling load and that damping alters the 

vibration amplitude of the dynamic buckling load. For the mode, as it increases, the dynamic buckling load reduces. 

 

Keywords: Dynamic stability, Dynamic buckling load, Geometric imperfections, Elastic structures, Vibration amplitude, Regular 

perturbation, Asymptotic expansion, Damping, Dominant modes,   

 

1. Introduction 

Research on the dynamic buckling analysis of structures has gained much interest due to its application in analyzing the safety and 

design conditions of thin- walled elastic structures such as those used in air-craft manufacturing, aero-space vehicles and other 

capital- intensive aeronautical and astronautical but imperfection-sensitive machines. Dynamic  buckling of structures is of utmost 

engineering importance, for it is pertinent to investigate at what level of dynamic loading a certain elastic material will sustain a 

particular dynamic loading system before the material becomes unstable and what should be the contributing factors to early 

instability of the structure. Adhikari and Woodhouse [1] in their research noted that the study of damping forces in a vibrating 

structure has long been an active area of research in structural dynamics as demanded by modern engineering practice. 

The genesis of dynamic buckling can be traced to a series of research originally done by Budiansky and Hutchinson [3,4,5], and 

Hutchinson and Budiansky [12]. Over the years, reasonable improvement have been made and the subject matter has grown in 

leaps and bounds to attract contributions from other researchers which include Svalbonas and Kalnins [22], Huyan and Simitses 

[14], Simitses [20] and Danielson [6] among others. However, most of these early investigations did not incorporate viscous 

damping in their investigations. In this regard therefore, Ette [7,8,9], incorporated damping in his research. The dynamic buckling 

was similarly investigated by Sapsis et al [18] while, Karagiozova [13] revisited the dynamic plastic and dynamic progressive 

buckling of elastic-plastic circular shells. Simitses [19], extended dynamic buckling analysis to discuss static preloading on the 

dynamic stability of structures. The investigation by Lindberg [15] is limited to simple linear systems, including bars, and has a 

section on dynamic buckling with random imperfections and experiments. Ette and Udo-Akpan [11] investigated the dynamic 

buckling of a model structure with quadratic non linearity struck by a step load. 

Al-khazraji et al [2] studied on the improvement of dynamic buckling behaviour of intermediate aluminized stainless steel 

columns. Aghdam and Schroeder [16]  studied the dynamic buckling of crash boxes under an impact load. In the study of 

buckling, Song-Hak et al [21] investigated the dynamic buckling of composite structures subjected to impulse loads using the 

Lyapunov Exponent. Researchers in engineering mainly used numerical methods to solve and analyze the dynamic stability of 

structures irrespective of the loading system. In this research, multiple two-timing regular perturbation and asymptotic expansions 

are employed.   

 

2. FORMULATION OF THE PROBLEM 
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In this research, we let  ,Z X T  be normal displacement deemed continuous in the space variable X and time T . The column is 

considered viscously damped with damping coefficient Q , where the damping is proportional to the velocity. The column is 

trapped by a load  G T  and the relevant differential equation (Ette and Osuji, [10]) is given by  

     
2

2

, , , , 1 3 2
2 2o TT T XXXX XX

d Z
m Z QZ EIZ G T Z k k Z Z G T

dX
                                               (1a)       0, 0T X    ,                                                                                                                    

, 0XXZ Z  , at ,0X                                                                                                        (1b)                   

   ,,0 ,0 0, 0TZ X Z X X                                                                                                   (1c) 

Here, a subscript following a comma indicates partial differentiation. om is the mass per unit length of the column, EI is the 

bending stiffness, where E is the Young’s modulus and I  is the moment of inertia, and 
1 30, 0k k   are constants. The 

column rests on a nonlinear elastic foundation that exerts a force per unit length of  2

1 3k k Z Z .  Z X  is a twice-

differentiable stress-free imperfection.  

3. Nondimensionalized Quantities 
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Hence, the original differential equation (1a), together with the boundary conditions and initial conditions becomes 

     
2

2

, , , , 2
2 2 1 2 0,0t t t xxxx xx

d z
z z z f t z z z f t t x

dx
                                         (2a)                                     

, 0 0,xxz z at x                                                                                                                        (2b)

   ,,0 ,0 0, 0tz x z x x                                                                                                 (2c) 

Here, and are two small but mathematically distinct and independent parameters upon which a two-timing regular 

perturbation procedure will be initiated by means of regular perturbation. We are to determine the dynamic buckling load D on 

which the column buckles dynamically.  

 

4. Regular Perturbation Solution of the dynamic problem 

Let  
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                                                  (3) 

Further let                    

   , , ,z t x U x t                                                                                                                (4)                                                                

It follows that 
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, , 2 3 , ,2 1 ...t t tz m m U U U                                                                       (5)                       
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          (6) 

5. Asymptotic Series Assumption 

Let 
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1 0

, , , ,ij i j

i j

U x t U x t   
 

 

                                                                                            (7)                    

Substituting (5), (6) and (7) into (2a) yields           10 10 10 101 1

, , ,.1 : 2 2tt m xxxx xx m xxU U U U z                                                             

(8)  4 22 1m m m                                                                                                                    (9)                                                                                              

 
               11 11 11 11 10 101 1

, , , , ,. : 2 2tt m xxxx xx m t tU U U U U U                                    (10)             

                     12 12 12 12 11 11 10 102 1 1

, , , , , , ,. : 2 2tt m xxxx xx m t tU U U U U U U U              
    (11)                    

          20 20 20 202 1
, , ,.1 : 2 0tt m xxxx xxU U U U                                                      (12) 

          21 21 21 212 1
, , ,. : 2 0tt m xxxx xxU U U U                                                              (13)   

                22 22 22 22 21 212 2 1 1
, , , , ,. : 2 2tt m xxxx xx m t tU U U U U U                              (14) 
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The associated initial conditions evaluated at    , 0,0t    using (2c) 

6. DISPLACEMENT MODES
 ij

U                   

Let   

         
1

, , , sin
ij ij ij

n

n

U U x t U t nx 




                                                                              (18) 

where we have assumed 

sin , 1, 1,2,3,...m mz a mx a m                                                                                      (19) 

Solutions of equation   

Substitute (18) and (19) into (13)  

 
   

2
10 10

,

1

2 sin
sinn m

n tt n

n m m

m a mx
U U nx

 

 





  
   

   


                                                           (20)       

 

where   

 4 22 1n n n                                                                                                                    (21)                                                                                              

Thus, for n = m                                                            

   
2

10 10

,

2 m
m tt m m m

m

m a
U U B a




                                                                                              (22)

 

where 
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22
m

m

m
B




                                                                                                                            (23)  

       10 10

,0,0 0, 0,0 0m m tU U                                                                                           (24)                                                 

The solutions of (22) – (24) are 
           10 10 10

, cos sinm m m m mU t t t B a                                                                (25) 

   10
0 0m                                                                            (26a) 

   10
0m m mB a                                                                                                                (26b) 

Solutions of equation .   

Substitute equations (28) and (29) into (14) 

        11 11 10 101

, ,

1

sin 2 sinn
n n m m t m t

n m

U U nx U U mx











  
     

   
                          (27) 

For n m , equation (27) becomes                                                                               

        11 11 10 101

, , ,2m tt m m m t m tU U U U                                                                               (28)

       
1

11 11 102
, ,0,0 0, 0m m t m mU U U 



                                                                                (29) 

Substitute the known term 
 10

mU  on the right hand side of equation 

                     11 11 10 10 10 101

, 2 sin cosm tt m m m m m mU U t t                 
                             

                                                                                                                    

(30) 

To ensure a bounded solution in t , coefficients of cos t  and sin t in (30) are equated to zero 

respectively and the resulting solutions are  

 
   10

0m                                                                                                                          (31a)    10

m m mB a e                                                                                                                  

(31b) 

Solving the remaining part of (30), and (29) 

            11 11 11
, cos sinm m mU t t t                                                                             (32) 

 
   11

0 0m                                                                                                                      (33a)                                              

   
1

11 20m m m mB a 


                                                                                                        (33b) 

Solutions of equation 
2.   

Substitute (28) and (29) into (15)                                    

             12 12 11 11 10 101 1

, , , , ,

1

sin 2 sin 2 sinn
n tt n m m t m t m

n m

U U nx U U mx U U mx  


 




 



 
      

 
                                                                                                                                                

(34)
                                 

 

For n m , equation (34) becomes 
              12 12 11 11 10 101

, , , , ,2m tt m m m t m t m mU U U U U U                                                             (35

           
1

12 12 112
, ,0,0 0, 0,0 0,0m m t m mU U U 



                                                                   (36) 

Substituting for 
 10

mU  and 
 11

mU into (36), gives

                  12 12 11 11 11 11 10 101

, 2 sin cosm tt m m m m m m m mU U t t                   
                                                                                                                                                 

(37)                           

 

To ensure a bounded solution in t , coefficients of cos t  and sin t in (37) are equated to zero 

respectively and the resulting solutions are       
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1

11 2
m m m me B a  


                                                                                                    (38a)

   11
0m                                                                                                                           

(38b) 

Solving the remaining part of (37), and (36) 

           12 12 12
, cos sinm m mU t t t                                                                          (39)

   12
0 0m                                                                                                                     

(40a) 

   12
0 0m 

                                                  
                                                                  (40b) 

Solutions of equation 
2  

Substitute (28) and (29) into (16)                                    
   20 20

,

1

sin 0n
n tt n

n m

U U nx








 
  

 
                                                                                  

(41) 

For n m , (41) becomes 

   20 20

, 0m tt mU U                                                                                                                    (42)  

        20 20

,0,0 0, 0,0 0m tU U                                                                                         (43) 

Solving (42) and (43) 
           20 20 20

, cos sinm m mU t t t                                                                         (44) 

 20
0m                                                                               (45a) 

   20
0 0m                                                                                                                        (45b) 

Solutions of equation 
2.   

Substitute (28) and (29) into (16)                                     

    21 21

,
1

sin 0n
n tt n

n m

U U nx








  
   
  

                                                                                    (46) 

For n m , equation (46) becomes 

   21 21

, 0m tt mU U                                                                                                                    (47) 

       21 21

,0,0 0, 0,0 0m m tU U                                                                                               (48) 

Solving (47) and (48), 
           21 21 21

, cos sinm m mU t t t                                                                                 (49) 

   21
0 0m                                                                                                                       (50a)     

   21
0 0m                                                                                                                        (50b) 

Solutions of equation
2 2.   

Substitute (28) and (29) into (17)                                    

        22 22 21 211
, ,

1

sin 2 sinn
n n m m t m t

n m

U U nx U U mx











  
     
  

                                        (51) 

For n m , (51) becomes 

        22 22 21 211
, , ,2m tt m m m t m tU U U U                                                                              (52)

       
1

22 22 222
, ,0,0 0, 0m m t m mU U U 



                                                                           (53) 

Substituting for 
 21

mU into (52), gives 

   22 22

, 0m tt mU U                                                                                                                  (54) 

Solving equations (54) and (53) 
           22 22 22

, cos sinm m mU t t t                                                                         (55) 

   22
0 0m                                                                          (56a)    

    22
0 0m                                                                                                                         (56b) 
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Solutions of equation 
3  

 
        

1
3

30 30 10 101 2
, 2 ,

1

sin 2 sinn

n tt n m m m m tt

n m

U U nx U U mx


  


 




        
                       (57)  

Substituting for 
  

3
10

mU  and 
 10

,m ttU into (57), gives  

                                        

     

       

30 30

, 0 1 2

1

1
102

3 2

1
sin 3sin sin 3 cos cos 2

4

cos3 2 cos sin

n
n tt n

n m

m m

U U nx mx mx r r t r t

r t t mx





    







  
       

   




       

(58) 

where 

     
31 2

0

3
3 1

4
m m mr B a e                                                             (59a) 

   
31 2

2

9

8
m m mr e B a                                                                (59b) 

   
31 3

3

3

16
m m mr e B a  

            

                                                                                     (59c) For n m , equation (58) 

becomes 

          
1

30 30 102
, 0 1 2 3 2

3
cos cos 2 cos3 2 cos

4
m tt m m mU U r r t r t r t t    



            (60)

             
1

30 30 102
, , 2 ,0,0 0, 0,0 0 0 0m tt m t m m tU U U 



                                                          (61) 

To ensure a bounded solution in t , coefficients of cos t in (60) is equated to zero 

and the resulting solution is  

     

1

2
2 110

3

8
m

m

r  
 



                                                                                               (62a) 

where 

 
   

1
2

2
2

45
0

32
m m mB a 


                                                                                           (62b) 

Solving the remaining part of (60), and (61)

                 30 30 30 1

0 2 3

3 1 1
, cos sin cos 2 cos3

4 3 8
m m m mU t t t r r t r t         

     


  

                                                                                                                                               (63) 

  
   30

0 0m                                                                                                                     (64a) 

     
330 1195

0
128

m m m mB a                                                                                              (64b) 

For 3n m , equation (58) becomes                   

     30 302

3 , 3 0 1 2 3

1
cos cos 2 cos3

4
m tt m mU U r r t r t r t                                                 (65) 

where 

  2 4 23
3, 81 18 1 0, 1,2,3,...m

m m

m

m m m


 


                                                (66)
  
 

with the initial conditions 

             
1

30 30 102
3 3 , 2 ,0,0 0, 0 0 0 0m m t m m tU U U 



  
                                                           (67) 
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On solving (65), and (66), 

           
   

   

30 30 30 0 11

3 3 3 2 2

2 3

2 2

cos1
, cos sin

4 1

cos 2 cos3

4 9

m m m m m m

m m

m m

r r t
U t t t

r t r t

 
     

 




      
  


 

          
(68) 

   30

3 0 0m 
                                                                                                                       (69a) 

     
     

330 1

3 2 2 2 2

1 5 15 3 1
0

4 2 4 1 2 4 4 9
m m m m

m m m m

B a  
  

    
        

                  (69b)                                                      

From (18),  

     30 30 30

3sin sin3m mU U mx U mx                                                                                      (70) 

Solutions of equation 
3. 

          

     

    
      

2
31 31 10 11

,

1

1
11 1012

2 , 2 ,

1
30 302
, 3 ,

1
10 30 301 2

2 , , 3 ,

1

2 ,

3
sin 3sin sin 3

4

2 sin 2 sin

2 sin sin 3

sin 2 sin sin 3

2

n
n tt n m m

n m

m m tt m m t

m m t m t

m m t m m t m t

m m t

U U nx U U mx mx

U mx U mx

U mx U mx

U mx U mx U mx

U



 





    



  

 















 
    

 

  

 

   





  10
sin mx

 

                                                                                                                                               (71) 

               

        

2 2 210 11 10 10

2
10 11

1
2 cos

2

1
cos sin

2

m m m m m m m m

m m

U U B a B a t

t t

   

   


   






                                (72a)               

 

      
2

10 11

4 5 6

1 1
sin sin 2 sin 3 sin

2 2
m mU U r t r t r t t   

                                           (72b)                                                                        

where 

             
2 211 10

4

1

2
m m m mr B a    

 
  

 
                                            (73a) 

          10 11

5 2 m m m mr B a                                                                                                       (73b)                                                                                                 

          
2

10 11

6

1

2
m mr                                                                                            (73c)                                                                                        

for n m , equation (71) becomes                                                                                                

                

     

1 1
2

31 31 10 11 11 10 3012 2
, 2 , 2 , ,

1
10 30 101 12

2 , , 2 ,

9
2 2 2

4

2 2

m tt m m m m m t m m t m m t

m m t m m t m m t

U U U U U U U

U U U

       

    

 



 

      

  
          (74) 
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Substituting for 
            

2
10 10 10 11 11 30

, , , ,, , , ,m t m t m m m tt m tU U U U U U   and 
 30

,m tU  into (74),            

       

           

         

   

1
31 31 112
, 4 6 5 6 2

1
10 30 301 2

2

101

2 3 2

1
302

9 1 1 1
sin sin 2 sin 3 2 cos

4 2 2 2

2 sin 2 sin cos

3 2 3
sin 2 sin 3 sin

4 3 8

2 sin

m tt m m m

m m m m m

m m

m m

U U r r t r t r t t

t t t

r t r t t

t

   

        

      

  










           
  

      


 
     

 

 
     

       

30

2

101

3 2

3 2
cos sin 2

4 3

3
sin 3 2 sin

8

m

m m

t r t

r t t

  

     

 
 




 



 (75)
                           

 

with the initial conditions 

                  
1

31 31 11 302
, 2 , ,0,0 0, 0,0 0 0,0 0,0 0m m t m m t mU U U U  



                                (76)                                             

To ensure a bounded solution in t , coefficients of cos t  and sin t in (75) are equated to zero 

respectively and the resulting solutions are 

 

         

     

30 30

1 1

0

30

0

, 0s

m m

s

m

e G s e ds k k

e G s e ds







  

 





 
   

 







                                                   (77a)   

where                                        

       11

2 mG                                                                                                         (77b) 

      30

2

0

s

m e F s e ds k


  
  

  
  
                                                                                           (77c)                                                        

where 

            
1

10 10 101 1 12
4 6 2 2

1 9 1
2

2 4 2
m m m m m m mF r r           
               

               (77d) 

Solving the remaining part of equation (75), and equation (76) 

               31 31 31

7 8

1 1
, cos sin sin 2 sin 3

3 8
m m mU t t t r t r t                       (78)   

                 

     

1
31 11 302

7 8 2

0 2 3

2 3
0 0 0 0 0 0

3 8

3 1 1
0 0 0

4 3 8

m m m mr r

r r r

    
      


 
    

 

                               (79a) 

   31
0 0m                                                                                                                          (79b)     

where      

        
1

2
7 5 2 2

9

8
mr r r r    


                                                      (80a)  

          
1

2
8 6 3 3

9 9

8 16
mr r r r    


                                                                                     (80b)                                                                                                 

For 3n m , equation (71) becomes                                                                                                  

             
1 1

2
31 31 10 11 30 302 2 2

3 , 3 3 , 3 ,

3
2 2

4
m tt m m m m m m t m m tU U U U U U 

 

                                              (81) 
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with initial conditions    

           
1

31 31 302
3 3 , 3 ,0,0 0, 0,0 0,0 0m m t m mU U U 



                                                               (82)    

Substituting for 
      

2
10 11 30

,,m m m tU U U   and 
 30

,m tU into (81),                         

   

       
     

       

31 312

3 , 3 4 6 5 6

1
30 302

3 3

1 2 3

2 2 2

1
30 302

3 3

3 1 1 1
sin sin 2 sin 3

4 2 2 2

2 sin cos

sin 2 sin 2 3 sin 31

4 1 4 9

2 sin cos

m tt m m

m m m m m m m

m m m

m m m m m m m

U U r r t r t r t

t t

r t r t r t

t t

    

  

    





  
        

  

    

   
    

       

    

     1 2 3

2 2 2

sin 2 sin 2 3 sin 31

4 1 4 9m m m

r t r t r t    
  

       

                 (83) 

To ensure a bounded solution in t , coefficients of cos mt  and sin mt in (83) are equated to zero respectively and the 

resulting solutions are 

   30

3 0m                                                                                                                        (84a)    
     

     
     

330 1

3 2 2 2 2

1 5 15 3 1

4 2 4 1 2 4 4 9
m m m m

m m m m

e B a    
  

    
                             

(84b) 

The remaining part of (83) is 
         31 312

3 , 3 9 10 11sin sin 2 sin3m tt m mU U r t r t r t                                                 (85) 

where 

     

 
    1

9 4 6 1 11

22

3 1 1

4 2
2 1

m

m m

r r r r r     



  
     

 
 

                                   (86) 

   

 
    1

10 5 2 21

22

3 1

8
4

m

m m

r r r r    



    

 

                                      (87) 

   

 
    1

11 6 3 31

22

3 3

8
2 9

m

m m

r r r r    



    

 

                                                             (88) 

Solving the remaining part of equation (85), and equation (82) 

             

   

31 31 31

3 3 3 92

10 112 2

1
, cos sin sin

1

1 1
sin 2 sin 3

4 9

m m m m m

m

m m

U t t t r t

r t r t

     

 

     
 


   

                (89) 

   
     

   
       

31 9 10 11

3 2 2 2

1
30 0 1 2 32

3 , 2 2 2 2

0 2 0 3 01
0

1 4 9

0 0 0 01
0

4 1 4 9

m

m m m m

m m

m m m m

r r r

r r r r




 


  
      
        

       
     
         

                          (90a) 
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   31

3 0 0m                                                                                                                          (90b)      

From equation (18) 

     31 31 31

3sin sin3m mU U mx U mx                                                                                 (91) 

Solutions of equation 
3 2. 

           

       

     
    
  

2
32 32 10 121

,

1

2
10 11

1
12 1112

2 , 2 ,

1
31 312
, 3 ,

111

2 ,

1

2
,

1
sin 3 3sin sin 3

4

1
3sin sin 3

4

2 sin 2 sin

2 sin sin 3

sin

2

n
n tt n m m m

n m

m m

m m tt m m t

m m tt m tt

m m t

m m

U U nx U U mx mx

U U mx mx

U t U mx

U mx U mx

U mx

U








   



 

















  
     

 


 



  

 

 



    
    

       

31 31

3 ,

11 301 1

2 , ,

30 30 301

3 , , 3 ,

sin sin 3

2 sin sin

sin 3 2 sin sin 3

t m t

m m t m m

m m m m

mx U mx

U mx U mx

U mx U mx U mx



  

  



 



 

  

 

(92)

 

for n m , equation (92) becomes                                                                                                                                                                             

               

       

     

1
2 2

32 32 10 12 10 11 122
, 2 ,

1 1
11 31 11 311 12 2

2 , , 2 , ,

11 30 301 1 1

2 , , ,

9 3
2

4 4

2 2 2

2 2

m tt m m m m m m m tt

m m t m m t m m t m m t

m m t m m m m

U U U U U U U

U U U U

U U U

 

 

 

     

   



 
 

  

    

    

  
                         (93)

  

with initial conditions    

                  
1

32 32 12 312
, 2 , ,0,0 0, 0,0 0 0,0 0,0 0m m t m m t mU U U U  



                            (94) 

Expanding the terms, 
    

2
10 129

4
m mU U  and 

    
2

10 113

4
m mU U

 

in equation (93), it gives 

               

            

           

2
10 12 1212

12 13

12 12

14 12

12 12

13 14

9 9 1
cos 1 cos 2

4 4 2

1
cos3 cos sin

2

1 1
sin 2 sin 3 sin

2 2

m m m m

m m

m m

U U r t r t

r t t r t

r t r t t

     

     

    


   



  

 

                 (95)   

 

where 

        
2 210

12

1

2
m m mr B a                                                            (96) 

     10

13 2 m m mr B a                                                                   (97) 

      
2

10

14

1

2
mr                                                                                                             (98)
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2 2

10 11 11 10 103 3 1 1
cos cos 2 cos3

4 8 2 2
m m m m m m m m mU U B a t B a t t    

 
    


       (99)  

Then, Substituting for the following terms;  

                     
2 2

10 12 10 11 11 11 30 30 31 31

, , , , , ,

9 3
, , , , , , ,

4 4
m m m m m t m t m m m t mU U U U U U U U U and U      in equation (93), equation (93) becomes

                     

                 

                

           

32 32 12 12 12

, 13 12 14

12 12 12

12 14 13

12 12 12

13 14

2
11 10 10

9 1 1
cos

4 2 2

1 1
sin cos 2

2 2

1 1
sin 2 cos3 sin 3

2 2

3 1 1
cos cos 2 cos

8 2 2

m tt m m m m

m m m

m m m

m m m m m m m

U U r r r t

r r t r t

r t r t t

B a t B a t

        

        

       

    

 
    

 

 
   

 


  



  

                
                

           

         

1
12 12 1212

2 2

12 11 111 1

2 2

1
31 312

7 8

1
31 312

7

3

2 cos sin 2 sin

cos cos 2 cos

2 3
sin cos cos 2 cos3

3 8

2
2 sin cos c

3

m m m m m

m m m m m

m m m

m m m

t

t t t

t t t

t t r t r t

t t r

           

           

      

     




 





 
 



    

    

         
 

    

           

           

   

8

30 301

0 2

30 301

3 0

2 3

3
os 2 cos3

8

3 1
cos sin cos 2

4 3

1 3
cos3 2 cos sin

8 4

1 1
cos 2 cos3

3 8

m m m

m m m

t r t

t t r r t

r t t t r

r t r t



      

      

 





 
  

 

        


        
 

  


   

(100) 

To ensure a bounded solution in t , coefficients of cos t  and sin t in (30) are equated to zero 

respectively and the resulting solutions are 

     31

3

0

s

m e H s e ds k


  
  

  
  
                                                    (101) 

where 

  

   31

3 0 0mk  
                                                                                                         (102a)                                           

                   

                 

             

1
2

12 11 101 12
12 14

1
12 12 111 12

2 22

11 30 301 1 1

2

1 9 3

2 4 16

2 2

2 2

m m m m m m

m m m m m m

m m m m m m

H r r           

              

          


 


 

  


    



    

   


                    (102b)
 

     31

4

0

s

m e P s e ds k


  
  

  
  


        

                                          (103) 

where 
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   31

4 0 0mk  
                                                                                                                (104a)

               

             

1 1
12 1212 2

12 14 2

12 30 301 1 1

2

1 9 1
2

2 4 2

2 2

m m m m m

m m m m m m

P r r           

          

 


  

  
    

 

   


                 (104b)                                                                                           
 

The remaining part of equation (100) is
             32 32

, 15 16 7 18 19cos2 sin cos3 sin3m tt mU U r r t r t r t r t                       (105)
 

where   

                  
2

12 111 1

15 13 0 0

3 3 1

8 4 2
m m m m m mr r B a r r            

     
 

          (106) 

                                                                     

             
         

2
12 111

16 13

1

12
7 7 2 2

3
3

8

4 1

3 3

m m m m m

m m

r r B a

r r r r

      

     






  

    

                                   

(107)        121

17 13

9

8
m mr r                                                                                                     (108)

                

         

2
12 10 111

18 14

1

12
8 8 3 3

3 1
3

8 2

6 1
2

8 8

m m m m

m m

r r

r r r r

        

     






 
   

 

    

                                        (109) Solving (105), and 

(94),

               

     

32 32 32

15 16

17 18 19

1
, cos sin cos 2

3

1 1 1
sin cos3 sin 3

3 8 8

m m mU t t t r r t

r t r t r t

      

  

    

 
                             (110)

  

  
       32

17 19

2 3
0 0 0

3 8
m r r                                                                                            (111)                                                                                                        

         32

15 16 18

1 1
0 0 0 0

3 8
m r r r                                                                                      (112)   

for 3n m , equation (92) becomes                                                                                                                                                                                                            

                

     

1
2 2

32 32 10 12 10 11 312 2
3 , 3 3 ,

1
31 30 301 12

3 , 3 , 3 ,

3
2

4

2 2

m tt m m m m m m m m t

m m t m m m m

U U U U U U U

U U U



 



  




 

     

 

                         (113) 

with initial conditions 

            
1

32 32 312
3 3 , 3 ,0,0 0, 0,0 0,0 0m m t m mU U U 



                                                          (114) 

Further expansion of equation (113) yeilds  
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32 32 122

3 , 3 13 12 14

12 12

12 14 13

12 12 12

14 14

2
11 10 10

3 1
, cos

4 2

1 1
, sin , cos

2 2

1 1
, sin 2 , cos3 , sin 3

2 2

3 1
, 1 cos 2 , cos ,

8 2

m tt m m m

m m

m m m

m m m m m

U U t r r r t

t r r t t r t

t r t r t t t t

t B a t t t t

    

     

       

    

  
       

 

 
   

 


  



     

       

       

   
     

1
31 31 92

3 3 2

1
3110 11 2

32 2

31 9 10 11

3 2 2 2

cos3

cos
2 , sin , cos

1

2 cos 2 3 cos3
2 , sin

4 9

cos 2 cos 2 3 cos3
, cos

1 4 9

m m m m m m m

m

m m m m

m m

m m m

m m m

t

r t
t t t t

r t r t
t t

r t r t r t
t t



    

 
  

  
 












        
 

  
    

    


     

      

           

       

   
       

30 30 0 11

3 3 2 2

302 3 1

32 2

30 0 1 2 3

3 2 2 2 2

cos1
, cos , s

4 1

cos 2 cos3
2 , cos

4 9

cos cos 2 cos31
, s

4 1 4 9

m m m m m

m m

m m m

m m

m m

m m m m

r r t
t t t in t

r t r t
t t

r r t r t r t
t in t

 
   

 
  

   
 





  
       

   


      
    

  
     

       






         

                                                                                                                                             (115)  

To ensure a bounded solution in t , coefficients of cos mt  and sin mt in (83) are equated to zero respectively and the 

resulting solutions are 

     31

3 5

0

s

m e I s e ds k


                                                                                               (116) 

where 
   30

5 3 0 0mk                                                                                                                 (117a) 

          
1

30 3012
3 3

1
2

2
m m m mI      


                                                                     (117b)
   31

3 0m                                                                                                                             

(118)                 

The remaining part of equation (115) is  

           

     

32 322

3 , 3 20 21 22 23

24 25 26

sin cos sin 2

cos 2 sin 3 cos3

m tt m mU U r r t r t r t

r t r t r t

   

  

     

 
                             (119) 

where 

     1

20 0 02

1 1

2 2
m

m

r r r     
   

  
                                                                                     (120) 
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         12

21 12 14

3 1

4 2
mr r r    

 
   

 
                                              (121)

            

             

 
    

12

22 12 13 14

1
2

10 11 2
9 92

1

1 12

3
2

8

3 2

16 1

1
2

4 1

m

m m m

m

m

m

r r r r

r r

r r

     

      

  





    

  
 

 
 

 

                      (122) 

       12

23 4

3

8
mr r                                                                  (123)

             
 

 
     

2
12 11 0

24 13 1

2 2

1

1 12
10 2 22

43

8
1

1
16 2

4 4

m m m m

m m

m m m

m

r
r r B a

r r r

     



     


 


    

 

 
  

   

           

                     (124)   

       12

25 14

3

8
mr r                                                                                                        (125) 

                 

 
    

 
    

2 2
12 10 11

26 14

11 11 3 31 2 1
2 2

3 3

8 16

6 1
2

4 9
9

m m m

m m
m m

r r

r r r r

       

   




   

   
 

 

                  (126)  

The solutions of equation (115) and (114) are                                                     

 

           
 

     

   

32 32 32 21

3 3 3 2

23 25 22

2 2 2

24 26

2 2

cos sin sin
1

sin 2 sin 3 cos

4 9 1

cos 2 cos3

4 9

m m m m m

m

m m m

m m

r
U t t t

r t r t r t

r t r t


    

  

 

     
 

  
     


   

                                   (127)    

   
     32 21 23 25

3 2 2 2

0 2 0 3 01
0

1 4 9
m

m m m m

r r r


 
    

       
                                                              (128)    

   
     32 22 24 26

3 2 2 2

0 0 0
0

1 4 9
m

m m m

r r r


 
    

      

                                                                       (129)                                                                                                                                                                                                                                                                        

The displacement  , ,U x t  from equation (7) becomes
 

        
      

       

10 11 122

30 30 313

3

31 32 322

3 3

, , sin sin sin

sin sin 3 sin

sin 3 sin sin 3 ...

m m m

m m m

m m m

U x t U mx U mx U mx

U mx U mx U mx

U mx U mx U mx

   

 



   

  

  

                               (130)   

 

7. MAXIMUM DISPLACEMENT 

Let   , ,a a a aU x t   be the maximum displacement, where ax  is the space variable and ,a at   are the time variables at maximum 

displacement. For simplification, the following asymptotic expansions shall be assumed as in Onuoha and Ette [17] 
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0 0

i j

a ij

i j

t t 
 

 

 
  

 
                                                                                                          (131) 

0 0

i j

a ij

i j

t t 
 

 

 
  

 
                                                                                                            

(132)

0 0

i j

a ij

i j

t   
 

 

   
   

   
                                                                                                     (133) 

The conditions for maximum displacement aU  are 

0
U

x





                                                                                                                              (134a) 

and 

   
1

4 2 22
2 , ,2 1 ... 0tm m U U     

 
      

 
                                                                       (134b) 

Equation (134a) from equation (130) gives   

            

        
        
        

10 10 122

30 303

3

31 31

3

32 322

3

, cos , cos , cos ...

, cos 3 , cos3

, cos 3 , cos3

, cos 3 , cos3 ... 0

m m m

m m

m m

m m

mU t mx mU t mx m U t mx

mU t mx mU t mx

mU t mx mU t mx

mU t mx mU t mx

     

  

  

  

    


  


 

  


           
(135) 

At maximum displacement, ax x , and from equation (135), 

cos 0amx                                                                                                                        (136a)                                                                                          

Hence,  

2
ax

m


                                                                                                                           (136b) 

Equation (134b) for ax x  becomes 

            

                    
                

         

1
10 112 32

2 3 , ,

12 30 30 31 312 3

, , 3 , , 3 ,

1
32 32 10 112 2
, 3 , , ,

12 30 302 3

, , 3 ,

1 ... , ,

, , , , ,

, , , ,

, , ,

m m t m t

m t m t m t m t m t

m t m t m m m

m m m

U t U t

U t U t U t U t U t

U t U t U t U t

U t U t U t

 

  

          

       

       

   





 
       

 

    

    
 

            
    

31 31

, 3 ,

32 322

, 3 ,

, ,

... 0

m m

m m

U t U t

U U

 

 

   



  

  


    (137)
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At maximum displacement, 
     

                

         

           

10 10 10 11 10 10 102 2

0 01 , 0 , 02 , 0 , 01 ,

10 10 11 11 122

0 01 , 0 , 01 , 0 ,

10 10 10 30 30 10 13

20 , 10 , 10 , 3 21 , 20 ,

,0

1
2

2

1 1

2 2

a m m t m m m t m m tt

m t m m t m m

m t m tt m t m m m t m

U U t t U t U U t U t U t U

t t U t U t U t U U

t U t U t U U U t U t U

 

  

 

  

 

       


    



     



   

                     
        

0 10

10 11 ,

10 10 11 11 30 30 31 30 30 31

10 10 , 20 0 , 20 , 10 , 01 , 0 , 01 3 , 0 3 , 3

10 10 10 102 2

22 , 21 , 11 , 20 01 21 0 11 10 10 11 01 20 ,

1

2

1

2

1

2

m tt

m t m t m t m tt m t m m m t m m

m t m m tt m t

t t U

t t U t t U t U t U t U t U U t U t U U

t U t U t U t t t t t t t t t t U t

   

 


 



         

       
   

                 

              

10 112

10 , 21 ,

11 11 11 12 12 30 302 2

20 , 11 10 12 , 10 10 20 0 , 20 , 10 , 02 , 01 ,

30 30 30 31 31 31 322 2

01 , 0 01 , 0 , 01 , 0 , 01 ,

02 3 ,

1 1
2

2 2

1 1

2 2

m m t

m m tt m t m t m tt m t m

m tt m t m m t m m tt m

m t

U t U

t U t t t U t t t t U t U t U t U t U

t U t t U t U t U t U t U U

t U



  

  

 

        

      

                  30 30 30 30 30 31 31 31 322

01 3 , 01 3 , 0 01 3 , 0 3 , 01 3 , 0 3 , 01 3 3

1 1

2 2
m m tt m t m m t m m mt U t U t t U t U t U t U t U U   

         

                                                                                                                                             

(138)  

Equate to zero in (138) the coefficients of powers of 
i j  , 1,2,...; 0,1,...i j   and get

                                    
                          

     10

, 0.1 : ,0 0m tU t 
                                                                                                         (139)

   

         
1

10 10 11 102
, 01 0 , , ,. : 0m tt m t m t m mU t t U U U   



   
                                                                      (140)

 

               

         

210 10 10 10 10 112 2

02 , 01 , , 01 0 01 , 0 , 01 ,

1 1 1
11 12 10 10 112 2 2

0 , , 01 , 0 , ,

1 1
. :

2 2

0

m tt m t m ttt m tt m t m tt

m t m t m m t m m m m

t U t U U t t t U t U t U

t U U t U t U U

  

   

 

  
  

     

    

               (141)

           210 10 30 303

, 20 10 , , 3 ,

1
.1 : 0

2
m tt m ttt m t m tU t t U U U                                                                          (142) 

                 

               

    

210 10 10 10 11 113

, 21 , 20 10 11 01 20 , 0 20 , 20 , 10 ,

1
30 30 30 30 31 31 102

01 , 3 , 0 , 3 , , 3 , 2 01 ,

1 1
10 112 2

0 2 , 2 , 20
,

1
. :

2
m tt m t m ttt m tt m tt m ttt

m tt m tt m t m t m t m t m m tt

m t m m t m

U t U t t t t t U t t U t U t U

t U U t U U U U t U

t U U t

 

 



 

 

   



 

      

      


            

1
210 10 30 302

, 10 , , 3 ,

1
0

2
m t m m tt m mU t U U U   



   

        (143) 
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10 10 103 2 2

22 , 21 , 11 10 12 02 20 01 21 ,

10 11 11

01 20 11 20 01 20 21 0 10 11 11 10 , 21 , 20 ,

11 11 12 30 3

01 20 , 10 10 , 20 , 02 , 3 ,

1
. :

2
m tt m t m ttt

m tt m tt m t

m ttt m tt m tt m tt m tt

t U t U t t t t t t t U

t t t t t t t t t t t t U t U t U

t t U t t U t U t U U



 



 
 

      
 

       

   
       

              

             
  

0 30 30

01 , 3 ,

30 30 30 30 30 302

01 , 3 , 0 01 , 3 , 0 , 3 ,

1 1
31 31 32 32 10 102 2

0 , 3 , , 3 , 2 02 , 01 2 ,

1 1
102 22 2

2 01 , 0 2

1 1

2 2

1

2

m t m t

m ttt m ttt m tt m tt m t m t

m t m t m t m t m m tt m m t

m m ttt m

t U U

t U U t t U U t U U

t U U U U t U t U

t U t

 

   

     

   

 

 

  

     


      

 
       

         

        

 

1
10 11 112
, 2 01 , 0 2 ,

1 1 1 1
12 10 10 102 2 2 2
, 20 , 01 20 , 0 20 10 10 ,

1 1 1
11 11 30 3022 2 2

20 , 10 , 01 , 3 ,

1
302

0 , 3 ,

1

2

m t m m tt m t

m m t m m m m tt m m t

m m t m m tt m m t m t

m m m

U t U t U

U t U t t U t t t t U

t U t U t U U

t U U

  

   

 

  

   

  





   

  



 
    

 

    

   


       

1
30 31 312

, 3 , 0m m mU U  


  
 (144) 

Solving equations (139) to equation (144), the maximum displacement now becomes             
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(145) 

Therefore,  

           
31 3

7 82 1 3 1 ...
2

a m m m m mU B a B a V V


    
      

 
                                      (146) 

where 
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2 4 1 2 4 4 9
m
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V t
  

     
        

                                        (147)              
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                                                      (148) 

3 1 2V V V                                                                                                                            (149) 

     
4 1V V                                                                                                                              (150)  
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     6 4 5V V V                                                                                                                      (152)  

     

1

12
7

15 42 105

32 32 128
m mV                                                                                           (153) 

      8 3 6

1

12
V V V                                                                                                        (154) 

Again, for ease of further analysis,  

let 
2 3

1 2 3 ...aU q q q                                                                                                       (155) 

where 

  1 2 1
2

m mq B a
 

  
 

                                                                                                   (156) 

2 0q                                                                                                                                  (157) 

   
31

3 7 83 1m m mq B a V V                                                                              (158)  

As in Budiansky and Hutchinson (1964, 1966, 1972), the condition for dynamic buckling is 

0
a

d

dU


                                                                                                                                 (159) 

As in Ette (2008, 2009), the series (155) can be expressed in the form 

1

i

i a

i

qU




                                                                                                                            (160)                                                                                                

Equating the coefficients of powers of  , in (160), 

3
1 3 4

1 1

1
,

q
e e

q q
                                                                                                               (161) 

where 
ie depend on for 1,2,3,...i   

The maximum displacement evaluated at D  is 

 

3

1
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a

q
U

q
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8. DYNAMIC BUCKLING LOAD D   

To determine the dynamic buckling load D , express (160) as 

3 1
1 3

3

2

3 3
D a D a

q
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                                                                                                    (163) 

where 
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Further simplification of (163) 
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From equation (164), 
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where 
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                                                                                                             (166)                                              

To find the dynamic buckling load 
D  at different modes m  1,3,...m   and 0.01,0.03,...; 1,3,...ma m   

Equation (164) for 
11, 0.01m a  , is 
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2

3
92

1
1 0.0225

1
2

D D
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                                                                  (167)  

9. Analysis 

Equation (167) is evaluated numerically to obtain the various values of the dynamic buckling load for different values of the 

parameters, and  .  

Table 1: computed values of dynamic buckling load D  at various values of  and various fixed values of imperfection 
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1 1
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D at 

0.01   

D at 

0.02   

D at  D at  D at  D at  D at  D at  D at  D at  

0.00 0.9915

59 

0.986639 0.9825

30 

0.9788

79 

0.9755

37 

0.9724

23 

0.9694

89 

0.9667

01 

0.9640

35 

0.9614

74 

0.01 0.9941

86 

0.990659 0.9877

19 

0.9851

04 

0.9827

00 

0.9804

74 

0.9783

70 

0.9763

69 

0.9744

51 

0.9726

10 

0.02 0.9944

48 

0.990863 0.9878

99 

0.9852

69 

0.9828

62 

0.9806

13 

0.9785

05 

0.9764

95 

0.9745

72 

0.9727

25 

0.03 0.9948

99 

0.990899 0.9881

10 

0.9854

56 

0.9829

99 

0.9810

00 

0.9786

53 

0.9766

33 

0.9747

03 

0.9728

47 

0.04 0.9959

90 

0.990999 0.9883

65 

0.9856

73 

0.9832

26 

0.9810

00 

0.9788

14 

0.9767

83 

0.9748

43 
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79 

0.05 0.9950
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0.9755

54 
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39 

0.9823
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26 
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0.9899

00 

0.9858

99 

0.9827

99 
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99 
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99 
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99 
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99 

  

Table 1: computed values of dynamic buckling load D  at various values of  and various fixed values of imperfection 
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0.01   
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0.02   

D at  D at  D at  D at  D at  D at  D at  D at  

0.00 0.89678
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0.84279
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0.8090

00 

0.7658

67 

0.7354

99 

0.7086

64 

0.6845

07 

0.6625

46 

0.6424

10 

0.6238

22 

0.01 0.96945

0 

0.95208

3 

0.9400

00 

0.9253

64 

0.9140

98 
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00 

0.8940

73 

0.8849

87 

0.8764

06 
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61 
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9 

0.95195

9 

0.9377

60 

0.9251

77 

0.9138

82 
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00 

0.8938

09 

0.8847

34 

0.8761

03 

0.8679

40 

0.03 0.96928

8 

0.95183

1 

0.9375

17 

0.9249

82 

0.9136

61 

0.9100

00 

0.8935

42 

0.8844

25 

0.8757

19 

0.8676

14 
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0.04 0.96920

5 

0.95170

4 

0.9371

83 

0.9247

86 

0.9134

36 

0.9100

00 

0.8932

67 

0.8841

27 

0.8754

80 
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9 
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80 
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74 
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00 

0.8927
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21 
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53 
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0.07 0.96894

7 
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3 
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36 

0.9241

72 

0.9127

35 
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00 

0.8924

09 
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04 

0.8745

20 

0.8662

43 

0.08 0.96885

7 
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4 
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56 
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58 
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92 
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00 

0.8921

21 

0.8828

91 

0.8741

87 

0.8658

83 

0.09 0.96877
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0.95102

1 

0.9364

74 
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41 

0.9122

44 
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00 

0.8918

16 

0.8825

66 

0.8738

19 

0.8655

15 

0.10 0.96867

2 

0.95087

6 

0.9362

87 
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19 

0.9119

90 

0.9100

00 

0.8915

11 

0.8822

34 

0.8734

81 

0.8651

40 

 

In order to investigate the numerical behavior of the dynamic buckling load of a geometrically imperfect column (viscously 

damped) under a time dependent load at different modes, the result presented in Table I and Table II would be very helpful in the 

analysis and summary of the results. Table I shows the variation of the damping value   and dynamic buckling load
D with 

constant imperfection ,  and mode, 1m . Table II shows the variation of the damping and dynamic buckling load
D with 

constant imperfection ,  and mode, 3m   From the above tables, it show that increase in damping and decrease in the 

imperfection enhances the stability while the reverse destabilizes the system. As the mode increases, the dynamic buckling load 

decreases 

10. Conclusion 

Theoretical study of dynamic bucking load of a geometrically imperfect column lying on a nonlinear elastic foundation, trapped 

by a time dependent load has been carried out. Various values of the dynamic buckling load were obtained at different modes. 

From Table I and Table II, is clear that imperfection and damping have significant effects on the dynamic buckling load of a 

geometrically imperfect column at different modes. Finally, we observed that damping a system gives additional dynamic stability 

to any elastic structure in the dynamic buckling process. The mode 1m 
 
is observed to be the dominant mode, while the mode 

3m   is known as the reiferment mode. As the number of modes increases it reduces damping effect thereby decreasing the 

dynamic buckling load. 
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