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1.INTRODUCTION

Berwald introduced a connection coefficient G;k (%, X) defined by

, . def 52GH
ij(X, X) = W (11)

and accordingly the covariant derivative of an arbitrary contravariant vector X Yis given by Rund [6]

;_oX' oX'oG"
D "okl ox

+G;, X" (1.2)
The function G' appearing in (1.2) are positively homogeneous of degree two in its directional arguments X" and
satisfy the following identities :
(@ G, X =G, X =G x"=0, (1.3)
(b) G\, X"=0 (¢) G' x*=2G".
The geodesic deviation has been given by Rund[6] in the following form

A

uZ

+HJ(x,X)Z* =0 (1.4)

where ,the vector Z'is called the variation vector and the tensor ij(x, X) is called deviation tensor being defined by
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the tensors defined by

(a)

(b)

Hy

# 1 0H, oH!
H _ J
i % ) 3 o axk)
oH!,
JkI(X X)_ 8X

=20,G'-06,0,G'X" +2G,,G' —-9,G'0,G'

155

(1.5)

(1.6)

These tensors can alternatively be expressed in terms of G' (X, X) in the following alternative forms

(a)
(b)
where
(a)
and (b)

The tensors

H}k(X, X) and H}kl (X,X) are respectively named

i ) %G 0°G' . OG' . OG'
%) = St " aiad O g O o
i aGI aGI rei r i
H i (X,X) = o :J _ﬁ*‘Gthrk _thGrj +
s cH . 0G'
+Grhk 8X Grhj 8X
[ def 3(3:]]_
Gy X =0

as Berwald’s

(1.7)

(1.8)

deviation tensor and Berwald’s

curvature tensor .We have the following commutation formula [7] involving the Lie-derivative and Berwald’s

covariant derivative

(a)

(b)

and (c)

8| (E'VTji ) _£v (6|Tji) =0,

V J(k)

(EVGIZK)(]) - (£vG;h)(k) £ H;

—(E,T)), =T£,Gy, -T,£,G; —(6Tji )E,GLX®

(1.9)

g (EVG;b)Xbe:kI _(Ev Glib)Xbeiu'l )

The commutation formula involving the tensors H}kl and G}kl are respectively given by

(a)

(b)

-Ti

i
T i(k)(h)

J(h)(k)

(éiji)l k(T](I)) TGth Ter;kh

:_aTjiHr:k T erkh +T H:hk

(1.10)

The Berwald’s curvature tensor also satisfies the following identities and contractions
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(a) Hi).(i = (n _l)H , (b) Hjh - th = Hli(hj (1.112)

() HJX*=H)=HJx"

and (d) Hf —Hj, =8,G) —0,Gy +Gj Gy, —Gy Gy +0,G'Gyy —0,G'G;,

jrk

The projective covariant derivative of an arbitrary tensor field TJ-i (X,X) with respect to X" is given by [5]

as
i _ i - STl Wr hyi iTTh
Ty =0T) =0T TL X + T/, =T ITy, (1.12)
where,
i . oef i 1 i r i~
IT,, (x, X) ={G], —n—+1(25( Gl +XGl)} (1.13)

is called projective connection coefficient and these coefficients are symmetric in its lower indices .

Involving the projective covariant derivative ,we have the following commutation formulae [5]

(a) ah (Tji((k))) - (8thi )((k)) = TjSHiShk —TSiHthk and (1_14)
(b) 2-I-J'i[((h))((k))] = _6rTinsrhk X? +TjSQsihk _TsiQ?hk
where,
s def : , ) ) :
Qu X = 2{0, T}y, — I T + T I, (1.15)

is called the projective entity and satisfies the following relation
(a) Qriljk +Q}kh +Qli<hj =0, (1.16)
(b)  Qijey + Qi + Qsiciy =0
i i i 25 A
(€ Qu="Qu . (d Q =§8[ij] ,
(& Qu=0,Qk , ((Q=0Q,, (& QX=0
(h) Q=-Q; and () QuX"=Q,

The projective connection coefficients Hijk (X, X) satisfy the following relations :
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(@) I}, =0,  (b) I}, =0,IT, (1.17)
(c) T, X"=0 and (d) I, X" =TI, .

2.PROJECTIVE CURVATURE COLLINEATION

In view of the projective covariant derivative as has been given by (1.12) and the projective connection coefficient
H'jk (X, X) as has been given by (1.13) ,the Lie-derivative of an arbitrary tensor TJ-' (X,X) and the projective connection

coefficient Hijk (X,X) are respectively given by
i N _ T r - iy,S o Ty iy,r
ET (6 X) =TV + (0T Vi X =T Vi + T Vi (2.2)
and

i v i r ~ i r s
£, 1T (4 %) = Vi) T Qe + (0 IT Ve X (2.2)

where, Q' _defined by (1.15).

mkr

In between the operators £, 0 and ((')) ,we have the following commutation formulae
(@) 0,(E,T)-£,0,T))=0, (2.3)
) E Ty —ET @y =T, &, —~T'£,IT; — (6,T))E, T, X"
and (c) (EVH:’lj)((k)) _(EVH:]k)((j)) :£eri1kj +(£vnljb)xbnihkl _(£VHLb)XbHijhl :
We now consider an infinitesimal point transformation given by

X' =x"+V' (x)dt (2.4)

where , Vi(X) stands for a non-zero contravariant vector field defined over the domain of the space and dt is an
infinitesimal constant ,such an infinitesimal point transformation defines a projective curvature collineation provided
the space F, admits a vector field V'(X) such that

EVQ}kh =0 (2.5)

where as ,the infinitesimal point transformation under consideration defines a Ricci projective curvature collineation
provided there exists a vector field V'(X) satisfying

£,Qy=0. (2.6)

The necessary and sufficient condition in order that the infinitesimal point transformation (2.4) be a projective motion
inan F_is given by

EVHijk(X, X) :5} € +0, €; (2.7)
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where, H‘jk(x, X) is the projective connection coefficient as has been given in (1.13) and €, is an arbitrary non-zero

covariant vector field satisfying
e X=0 (2.8)

We now propose to investigate the conditions under which a special projective motion will become a projective
curvature collineation .

Keeping in mind (2.3 c) and (2.7) ,the Lie-derivative of the projective entity Q,ijk(x, X) can be written in the following

form
i _ i i i i _
£, Qi = % iy 95 Eny ~O Enciiy G Eni

-6 e I X -5, ¢ T

.l r il r il
tih inX +0 € I, X +6; g I, X' . (2.9)

In view of (1.15) ,(2.8) and the fact that €, = 8k €,we get from (2.9) the following
£, Qui = 8 €ny —k Eniy (2.10)

at this stage ,if we assume that the special projective motion becomes a projective curvature collineation then from
(2.5) and (2.10) ,we get

i i _
95 €y ~% Snin=0 | (2.11)
We now allow a contraction in (2.11) with respect to the indicesi andj and get
(n-1) ,4,=0 (2.12)

in the light of (2.12) ,we can therefore state :

THEOREM(2.1):

Ina Finsler space F,the arbitrary covariant vector field €, behaves like a projective covariant constant
provided the special projective motion becomes a projective curvature collineation .

Contracting (2.10) with respect to the indices i and k and thereafter using (1.16) ,we get

£Vth (X, X)=1-n) €niy - (2.13)
In view of (2.6) ,the equation (2.13) gives

(1-n) e, ;=0 . (2.14)
In the light of (2.14) ,we can therefore state :

THEOREM (2.2):

Ina Finsler space F_,the arbitrary covariant vector field €, behaves like a projective covariant constant

provided the special projective motion becomes a Ricci-projective curvature collineation .
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We now apply the commutation formula (1.14 b) to Q; (X, X) and thereafter use (2.7) and get

£,Q) o =Q €, Q[ €, +0,Q} & +0,Q; €)X . (2.15)
Contracting (2.15) with respect to the indices I and | ,we get

(Eini)((k)) = (aini & +asQii Ek)xs- (2.16)
Therefore ,we can state :

THEOREM (2.3):

If a projective Finsler space admits a special projective motion then (2.17) always holds .

In analogy to (1.14) ,we have the following commutation formula
O Qjiemy) ~ 0 Qi) my = QT s = 2Qu I gy - (2.17)

Using (2.16) in (2.17) along with the facts that in a projective symmetric Finsler space ,we shall always have
Qicmy =0 and Qjyy =0 and in the light of these observations ,we shall have

hms

stkHI _2Q;[kH§]hm =0 . (2.18)
Transvecting (2.10) by X" and thereafter using (1.16) along with the fact that £, X' =0,we get
i N i wh | wh
£,Qj (% %) = 2{& gy FX" + X €t - (2.19)
With the help of equations (1.16),(2.7),(2.18) and (2.19) ,we get
stk €ns O +Q;k Shm _Z{QrI][k Sjim +ern[j St~ (2.20)
r Qi . i
—Ersp X O =X (Eacips ~ Siceqesps T} =0
transvecting (2.20) by X" and thereafter using the set of equation given by (1.16) and (2.6) ,we get
Qi € X +Q; €, ~AQiy € +Q €n}=0 (2.21)

in the light of (2.21) ,we can therefore state:

THEOREM (2.4):

Ina Finsler space F,, the equation (2.21) always holds provided the special projective symmetric Finsler

space admits a special projective motion characterized by the infinitesimal point transformation (2.4).

3. H- CURVATURE COLLINEATION AND CONFORMAL MOTION

If the infinitesimal point transformation (2.4) implies that the magnitude of the vectors defined in the same tangent
space are proportional and the angle between the two directions is the same with respect to the respective metrics

then it is called a conformal motion in a Finsler space F,.The variation of G}k (X, X) under the infinitesimal point change
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(2.4) in EVG}k (X,X) and the variation under the conformal change G;k (X, X) ,the two transformations will coincide if

the corresponding variations are the same .

The necessary and sufficient condition in order that the infinitesimal point transformation characterized by (2.4) be a H-
conformal motion in F is that the Lie-derivative of the Berwald’s connection coefficient G;k (X, X) satisfies the relation

(3]

£VG:1k :§ri1 & +5Ii €, — e Qn - (3.1)

where , € (X) is a non-zero contravariant vector field depending on positional coordinates only and satisfies the
relation

€= gik ST (3.2)

In view of (3.1) the following relations can also be obtained

(@) £,Gl, =-2€C,, (3.3)
and (b) £,G =x¢ —€ g,X"
where,

(@) Cg, =%539hk and (b) €,=0,€ . (3.4)

We shall now investigate the conditions under which a conformal motion becomes a curvature collineation .The
commutation formula (1.9 c) in view of (3.1) assumes the following form

i i i i i
£thjk =9, Sik +5j €hi) ~ ) I~ € Ghjgy ~
i i i i
~0¢ €n(j) T0h Sy TEG JntE Gniy ~
5| Gi -b 5| Gi - b | Gi -b
=0 &, Gy X —0, § Ly X'+ € g, Gy X+
| i ob ol iob I i ob
+0, €, Gy X" + 9, € G X' —€ 0,G X (3.5)
using equations (1.8),(1.11),(2.8) and the fact that )'(i(k) =0,we get the following from (3.5)

i i i i i
£thjk =0, Sh(i) _51' Shiy T €0 Ini—€ () T T

i
+€ (gjh(k) _gkh(j))‘ (3.6)
we now introduce in (3.6) ,the formula analogous to (2.5) and get
i i i i i
S €nti) =0 Eng T € 1) I € () Jn+ € (Gjngy = Gunj)) =0 (3.7)
allowing a contraction in (3.7) with respect to the indicesi and j,we get
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(d-n) €y ++ ei(k) Oin— ei(i) Gt € (Fingy = i) = 0' (3.8)

In the light of (3.8) ,we can therefore state:

THEOREM (3.1):

In an F, ,the equation (3.8) holds provided the space under consideration admits a conformal motion characterized

by (3.1) and a curvature collineation characterized by (2.5) .

Allowing a contraction in (3.6) with respect to the indices | and k and thereafter using (1.11) ,we get
E,Hy =(=1) &) + <) Gt € (G ~ingy) (3.9)
Taking into account the equation analogous to (2.6) in (3.9) ,we get
(n-1) €njy T ei(j) Oint e (gjh(i) - gih(j)) =0 _ (3.10)

In the light of (3.10) ,we can therefore state :

Theorem(3.2):

In a Finsler space F, ,the equation (3.10) holds provided the space under consideration admits a conformal motion

characterized by (3.1) and a Ricci collineation given by (2.6) .

We now apply the commutation formula (1.9b) to the deviation tensor field H;(X, X) and thereafter use

the fact that H;(m) =0 along with (3.1) and get
£V(H})(k) = H?(@i Sh +5ri1 S —€ gkh)_Hr:(5kh € +5jh S —e" gkj)'
—(@H)@ € +0) g, —€" g )X (3.11)

We now make use of (1.11) in (3.11) and get

£E,(H)w=Hce -Hy € g—6H g+ H, +
+(©0,H} g —0,H}g, X")%° , (3.12)
where
Hj =0gyH] (3.13)
we now allow a contraction in (3.12) with respect to the indices iand jand get
(£, Hii)(k) ={(0,H) ¢, —(5hHii)gks})'(s' (3.14)

Therefore we can state
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THEOREM(3.3):

_In a Finsler space F, , (3.14) holds provided the space under consideration admits a conformal motion characterized
by (3.1).

It is almost obvious from (3.1) that for an affine motion characterized by EVG}k(X, )'()=O,the covariant and

contravariant vectors €, (X) and e (X) must vanish identically and as such we can therefore state:

COROLLARY(3.1):

In a Finsler space F, , (EVHii)(k)vanishes provided the space under consideration admits a conformal motion

characterized by (3.1) and an affine motion characterized by EVG}k (x,x)=0 .
We now allow a transvection in (3.6) by X" and thereafter use (1.11) along with the fact that £, x" =0 and get
£, Hj =& €y =] €no *+ €0 Iin— €y Gin +
+€ (Upgy — o)) I - (3.15)
We now apply (2.8) and(3.4b) in (3.15) and get
E, H}k :{ei(k) Ojn— ei(j) O S (gjh(k) - gkh(j))}xh : (3.16)

Applying the commutation formula (1.9) to H jk -we get

8| (H;k(m))_(ahH}k)(m) = kaGi - H;kGS + HsijGIfhm . (3.17)

hms jhm

Now using (1.11) in (3.17) ,we get (here we have taken into account the fact that if the Berwald’s curvature tensor
satisfies Ht:jk(m) =0 then such a space is called a symmetric Finsler space and in such a space ,we also have H }k(m) =0)

H;Ghe + HiGi —Hi G =0 . (3.18)

hms jhm

We now apply the operation of Lie-derivation in (3.18) and then use (3.3a) along with (3.16) and get
Glims{(eﬁk) Ojn— e?j) O )+ € (G — gkh(j))}xh -
—2¢€ CyH T Glfhm{ei(j) O — ei(s) i)+ e (9anjy — gjh(s))}xh -
—2¢€ CkhmHsij _G?hm{(ei(k) O — ei(s) O )+ e (gsh(k) - gkh(s))}xh +
+2Hy € C;,, =0. (3.19)
Using (1.11) and (2.8) in (3.19) ,we get

H 3 Crns e +2¢° H;[ Caqm =0 . (3.20)
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In the light of (3.20) ,we can therefore state :

THEOREM(3.4):

In a symmetric Finsler space F, , (3.20) always holds provided such a space admits a conformal motion

characterized by (3.1) .

4._ Q-CONFORMAL MOTION

The necessary and sufficient condition in order that the infinitesimal point transformation characterized by (2.4) be a Q-
conformal motion in a Finsler space F, is that the Lie-derivative of the projective connection coefficient ITj, (X, X)

should satisfy the following relation
E£IT, =6 €, +6, €, —€ 9y (4.1)

where € (X) and e (X) are non- zero covariant and contra variant vector fields respectively .Keeping in mind the

definition given by (4.1) ,we can easily deduce the following :

(a) £,I1,, =-2¢€ C,, (4.2)
and (b) £,11, =X ¢, —€ g, X"
where

(@) Cg, =%359hk and (b) IT, =IT, X" . (4.3)

We shall now investigate the conditions under which a Q-conformal motion becomes a Q-curvature collineation .The
commutation formula (2.3c) in view of (4.1) reduces into the following form

i _ i i i i i _
£,Quic = €jy 795 Eney ~ Sy Ini— € Tnieoy ~ S Enciy
i i i | i b
=0 Sy TEG) JoT € Thjgy T E Gl X +
+0l e TIL X+ 68 ¢ TTL X°— €' g, X°IT 4.4
k b Lhid b b +Lhj € Op ji (4.4)
Using (1.6) and (2.8) in (4.4) ,we get
i _ i i i i
£,Quc = Eniy —95 Eny + Sy Iin~ €y G+
i
+e (gjh((k))_gkh((j))) . (4.5)
Using (2.5) in (4.5) ,we get
i i i i i .
S Enin 95 Snay T oy In~ €y JoT € Gy ~ Jinin) =0 - (4.6)
We now contract (4.6) with respect to the indices | and ] and get

i i _
(1-1) €0y T2 €y Yin +2€ Grgiguon =0 - (4.7)
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We now transvect (4.7) by X" and thereafter use (2.8) and the fact that )'(E(k)) =0 ,we get

i i _
€1y I € Gniaoy =0 (4.8)
in the light of (4.8) ,we can therefore state:

THEOREM(4.1):

In a Finsler space F, , (4.8) always holds provided the space under consideration admits a Q-conformal motion

characterized by (4.1) and a Q-curvature collineation characterized by (2,5).
We now allow a contraction in (4.5) with respect to the indices i and K and thereafter use (1.16) and get
_ i i
£,Qy =(n=1) &5 +2 €0 90 +2€ iy - (4.9)
Using (2.6) in (4.9) ,we get
i i _
(=1 €11y +2 Sy Iin +2€ Gy =0 - (4.10)

As per provisions of (4.10) ,we can therefore state:

THEOREM(4.2):

In a Finsler space F_ , (4.10) always holds provided the space under consideration admits a Q-conformal motion

n
characterized by (4.1) and a Q- Ricci collineation characterized by (2.6).

We now apply the commutation formula (2.3b) to the projective entity Q; (X, X) and thereafter use (2.8) and (4.1) and

get
€, Q)= € —Q € gy —5Q] & +€ Q; +
+X°(0,Q} €, —0,Q\0,X") (4.11)
where
Qi =09aQ - (4.12)

We now allow a contraction in (4.11) with respect to the indices i and ] and get

(£VQii)((i)) :{(85Qii) S _(8hQii)gksXh}Xs . (4.13)
In the light of (4.13) ,we can therefore state.

THEOREM(4.3):

In a Finsler space (4.13) always holds provided the space under consideration admits a conformal motion characterized
by (4.1).

CONCLUSION
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This presentation has been divided into four sections of which the first section is introductory ,in the second section
we have discussed projective (Q) curvature collineation and have derived results telling as to what will happen when
the special projective motion becomes a projective curvature collineation and also becomes a projective Ricci
curvature collineation and the sequel have derived certain more results telling what relationships will hold when a
projective Finsler space admits a special projective motion .The third section of the communication has been devoted
to the study of H-curvature collineation and H-conformal motion in a Finsler space .In This section ,we have derived
results telling as to what relationships will hold when the space under consideration admits a H-conformal motion
and H-curvature collineation and in the sequel have also derived the relationships which hold when the space admits
both conformal motion and affine motion .The fourth section has been devoted to the study of Q-(projective)
conformal motion .In this section too we have derived results which hold when the space admits Q- conformal
motion and Q- curvature collineation .
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